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GENERAL DIFFERENTIAL GEOMETRIES AND 
RELATED TOPICS* 


A. D. MICHAL 
I. INTRODUCTION 


1. Scope of the paper. The main purpose of this paper is to give an 
account of the author’s recent researches on differential geometry 
with general coordinates.f In these geometries the geometric space is 
taken to be a Hausdorff topological space, while the coordinate space 
is taken to be a linear topological space. Several important topics in 
general analysis had their inception in these differential geometric re- 
searches. Such analytical topics come under the following captions: 
completely integrable abstract differential equations,f boundary 
value problems in general analysis,§ general continuous group theory 
with abstract parameters, || abstract analytic functions, the Michal- 
Paxsen differential in special linear topological spaces,** and the 
M-differential in linear topological spaces.f¢ A detailed account, or 
even a brief account, of most of these purely analytical matters is, 
however, out of the question here. 

We are convinced that the subject of general differential geometry 
is destined to become one of the great branches of mathematics, com- 
parable to the present status of general (abstract) algebra and general 
analysis. There is still time for a whole army of young mathematicians 
to earn their first laurels in general differential geometry while the 
subject is still in its infancy. 


2. Special instances and special features. The differential geome- 
tries treated are dimensionless in the sense that no dimensionality 
postulate (finite or infinite) is specified. The general theory thus con- 
tains as instances the classical Riemannian and non-Riemannian ge- 
ometries with finite or infinite number of dimensions. An account of 
these instances has, however, been crowded out. The interested reader 


* An address delivered before the Berkeley meeting of the Society on April 9, 
1938, by invitation of the Program Committee. 

t Michal [6-13]. The numbers refer to the entries in the bibliography at the end 
of the paper. 

t Michal and Elconin [1, 3]. 

§ Michal and Hyers [1]. 
| Michal and Paxson [1, 2]; Michal and Elconin [2]; Michal, Highberg, and 
Taylor [1]. 

{ Martin [1]; Michal and Martin [1]; Michal and Clifford [1]; Taylor [2-6]. 

** Michal and Paxson [3, 4]. 

tt Michal [13]. 
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will notice that the general theory presented here furnishes readily 
many novel results in the finite dimensional instances and especially 
in the infinite dimensional functional instances. 

Although much of the general theory presented here has been pub- 
lished or is in the press, there are many results that are given here for 
the first time. For example, large portions of Chapters III, IV, V, and 
XI, and Theorem 14.3 of Chapter VI are new. 

The work* on abstract normal coordinates in collaboration with 
D. H. Hyers is reported in Chapters VIII and IX. 


Il. INFINITELY MANY DIMENSIONAL DIFFERENTIAL GEOMETRIES 


3. Historical remarks. Although finite dimensional as well as vari- 
ous infinite dimensional differential geometries furnish noteworthy in- 
stances of general differential geometries with abstract coordinates, 
it was the infinite dimensional instances that paved the way to the 
general theories. More specifically, the author’sf researches during 
the period 1927-1931 on Riemannian and non-Riemannian geome- 
tries with coordinates in the space of real continuous functions of a 
real variable showed the need for simplifying generalizations and for 
a study of the foundations. Although the writing of continuous vari- 
ables as indices together with the use of the integration convention{ 
for an index repeated once as a subscript and once as a superscript 
was helpful, the functional algebra was still too complicated to allow 
significant new advances. Motivated by such considerations as these, 
the author began his researches on general differential geometry with 
Banach coordinates. The turn of events in these studies was most 
gratifying—not only were numerous fundamental problems in the 
function space geometries solved automatically, but also the whole 
subject of differential geometry was viewed in clearer light from new 
vantage points. 


4. An infinite dimensional Riemannian geometry. This section and 
the next one are not intended to be even brief accounts of differential 
geometries with infinite dimensions, but are merely indicative of the 
trend in formal outlook from the finite dimensional geometries to the 
infinite dimensional geometries. In my first studies§ in 1927, the ele- 
ment of arc length ds of the functional Riemannian geometry was 
given by 

* Michal and Hyers [2-4]. 

Michal [1-5]. 
t For example, JiK(x, s)y(s)ds is written as K,7y*. 
§ Michal [1]. 
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b 
(4.1) ds -(f (6x%)?da + 


For invariantive purposes, this necessitated the transformation of co- 
ordinates z* =f*[x*] to have Fréchet differentials of the second kind 
(Fredholm type) 


(4.2) = + [x7 ]5x°. 


Soon thereafter the element of arc length was taken in the more gen- 
eral form 


(4.3) ds = (ga[x7](6x*)? + gap |x" 


The transformation of coordinates was then allowed to have Fréchet 
differentials of the third kind: 


(4.4) = [x7 + [x7 


5. An infinite dimensional differential geometry with a linear con- 
nection.* The fundamental geometric object in the infinite dimen- 
sional Riemannian geometry with element of arc length (4.3) is the 
metric functional tensor with components consisting of the ordered 
pair of functionals (g_[x*], gas[x7]). The functional “Christoffel” sym- 
bols based on the metric functional tensor constitute the fundamental 
linear connection of the geometry. 

The fundamental geometric object (not a functional tensor) in an 
infinite dimensional differential geometry with a functional linear con- 
nection is the functional linear connection (functional affine connec- 
tion is an alternative terminology). The components of the functional 
linear connection consist of an ordered sequence of functionals 


with the property that the functional covariant differential 
+ + + + + PE 
is a contravariant functional vector field whenever £‘[x7] is a contra- 
variant functional vector field. 
III. DIFFERENTIAL IN LINEAR TOPOLOGICAL SPACES 


6. Topological spaces. A differential geometry is concerned with 
geometric spaces and their maps in coordinate spaces. A geometric 
space consists of a class of objects capable of supporting some sort of 


* Michal [2-5]. 
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a topology, while a coordinate space consists of a class of objects ca- 
pable of supporting a differential calculus. 

By a topological space we mean a Hausdorff topological space; that 
is, a class of undefined elements, called points, with a neighborhood 
topology satisfying the four well known Hausdorff postulates 
(Fréchet [2], Hausdorff [1]): 


(1) xeS,. 

(2) If ye S., then there exists an S, ¢ S,. 

(3) S#S?7 

(4) If x+y, then there exist S, and S, such that the set intersection 
S,S, is the null set. 


By a linear topological space (Kolmogoroff [1], Tychonoff [1]), we 
mean a topological space whose points form an abstract linear space 
such that the sum function x+y and the product function ax, with 
real variable a, are respectively continuous functions of both vari- 
ables. 

As the coordinate spaces of the differential geometries to be re- 
ported on in the sequel are linear topological spaces, it is convenient 
in this section to give the fundamentals of a differential calculus* of 
functions with arguments and values in linear topological spaces. 
Many kinds of definitions of differentials have been given in the clas- 
sical differential calculi of finite, as well as of infinite, dimensional 
spaces. However, the most useful definitions from the point of view 
of the geometrical applications are those that give the differential as 
a “first order approximation” to the increment. 

Let 7, and T2 be any two linear topological spaces. It is to be ob- 
served that 7; and 72 are not necessarily normed metric spaces—not 
even normable spaces. For a necessary and sufficient condition that a 
linear topological space be normable see Kolmogoroff [1]. A function 
l(x) onf 7; to T2 is termed Jinear if it is additive and continuous. By 
the usual methods, we see that a linear function /(x) on T; to T? is 
a homogeneous function of degree one. 


7. A topological differential. We make the following definition: 


DEFINITION OF M-DIFFERENTIAL. Let f(x) be a function on S,, to T2, 
where S,,is a Hausdorff neighborhood of xy ¢ T;. The function f(x) will 


* Michal [13]. The extensions to complex tinear topological spaces are made in 
the obvious way. For example, a linear function /(x) will be an additive continuous 
function such that 1((—1)!/2x) =(—1)!/2J(x). 

Tt By f(x) on S; to Sz we mean that f(x) is defined throughout the set S; and with 
values contained in the set Sz but not necessarily exhausting the whole set S>. 
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be said to be M-differentiable at x=xo, and f(xo; 5x) will be called an 
M-differential of f(x) at x=xo with increment 5x, if 

(1) there exists a linear function f(xo; 5x) of 6x on T; to T2; 

(2) there exists a function €(xo, x1, X2) with arguments in T; and values 
in T2 such that 

(2a) €(xo, 0, x) =0 for all x e Ty, 

(2b) €(xo, x1, Ax2) =AE(Xo, X1, X2) for all X>0, for all x, in some Haus- 
dorff neighborhood of 0 « T;, and for all x2. ¢ Ty, 

(2c) €(xo, x1, x2) ts continuous in (x, X2) at for all 
x2 

(3) there exists some Hausdorff neighborhood Sj of 0 « T; such that, 
for all bx « Sj , the differential f(xo; 5x) is a first order approximation to 
the increment f(xo+5x) —f(xo) in the sense that 


f(xo 6x) f( x0) f(x; 5x) €(Xo, 5x, 5x) 
for all 5x Sg. 


THEOREM 7.1. If an M-differential of f(x) at x =Xo exists, then it ts 
unique and f(x) is continuous at x =X». 


THEOREM 7.2. If f:(x) and fo(x) are M-differentiable at x =x, then 

fs(x) =af1(x)+Bfo(x) ts M-differentiable at x and 
f(%0; 6x) = arf1(%0; 6x) + Bfo(xo; 6x). 

THEOREM 7.3. Let T; be a third linear topological space. If f(x) on 
S:,¢T7T; to Tz is M-differentiable at x =xo, and if on* f(S:,) to Ts; 
is M-differentiable at yo=f(xo), then =o(f(x)) is M-differentiable 
at x and 


x0; 82) = flo; 8x). 
Proor. There exists’'a Hausdorff neighborhood Vo of 0 ¢ T2 such 
that, for all dy e Vo, 


+ dy) — H(¥0) — O(¥0; dy) = ex(yo, dy, 
Take yo=f(xs). By Theorem 7.1, there exists a neighborhood Sj 
of Oe 7, such that f(xo+6x)—f(x) Vo for each 6x e SJ. Take 
by =f(xa+6x) —f(xo) and obtain 
+ 5x)) — — f(xo + 6x) — f(xo)) 
= ex(f(x0), + 8x) — fae), f(xo + 6x) — 


for dx e SJ. But, by hypothesis, there exists a neighborhood Sy of 
0 « Ti such that, for all 5x e So, 


f(xo + 6x) — f(xo) = f(x0; 5x) + €2(%o, 5x, 5x). 


* The notation f(S.,) stands for the set of values of f(x) as x ranges over the set Sz,. 
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Consequently, from the definition of (x), the properties of the ¢; and 
€. functions, the linearity of (yo; dy), and the obvious use of the 
Hausdorff postulates, there exists a neighborhood Sy’ of 0 ¢ Ti such 
that, for all dx e Sy’, 


+ 5x) — ¥(x0) — O(f(%0); f(x0; 6x)) = O(f(%0); €2(%0, 6x, 
+ ex(f(x0), f(x0; 5x) + €2(x0, dx, 5x), f(x0; 5x) + €2(xX0, bx, 5x)). 
Define 
€3(Xo, X1, = G(f(%o); €2(%0, 
+ €:(f(x0), f(%0; x1) + €2(x0, f(%0; X2) + €2(X0, 
Clearly 
€3(%9, 0, x) = 0, €3(x0, X1, AX2) = for A> 0. 


The continuity of €3(xo, x1, %2) in (x1, x2) at (0, x2) follows without 
much difficulty from the continuity properties of the defining func- 
tions. Hence ¢€3(xo, x1, x2) is an admissible €(xo, x1, x2) function. The 
theorem follows readily on noting that $(f(xo); f(xo; 6x)) is a linear 
function of 6x. 


IV. OTHER DIFFERENTIALS AND THEIR RELATION TO 
THE \/-DIFFERENTIAL 


8. G-differential and H M-differential. \We make the following defi- 
nition: 

DEFINITION OF G-DIFFERENTIAL. Let f(x) be a function on S,z, to T2, 
where S.,is a Hausdorff neighborhood of xo e T;. We shall say that f(x) 
is G-differentiable at x =x 9, and f(xo, 6x) is its G-differential at x =Xo 
with increment 5x, tf, for any chosen 6x ¢ Ty: 

Given any Hausdorff neighborhood V> of 0 « Tx, there exists a 5>0 
such that* 

f(%0 + dbx) — f(xo) 


f(x%o, 6x) + Vo 


for each satisfying 0<| <6. 


THEOREM 8.1. Jf f(x) is M-differentiable at x=xo, then f(x) ts 
G-differentiable at x =xo, and the two differentials are equal. 


DEFINITION OF H M-DIFFERENTIAL. Let xo be any chosen element of 
Ti, S:, any chosen Hausdorff neighborhood of xo, and Xo any chosen real 


* By f(xo, 6x)+Vo we mean the set of all elements f(xo, 6x)-+y, as y ranges over 
the neighborhood Vo. 
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number. Let x(d) be a function of a real variable \ with values in S,, 
such that x9 =x(Xo), and such that dx(d)/dd exists at A function 
f(x) on Sz, to Tz will be said to be HM-differentiable at x=x9 with 
f(x0:5x) as its HM-differential at x =x, if there exists a linear function 
f(x0:6x) of dx having arguments in T, and values in Tz such that, for 
every admissible x(n): 

(1) df(x(A))/dX exists at X=Xo; 

(2) df(x(A))/dX =f(xo:dx(A)/dd) for X=Xo. 


THEOREM 8.2. If f(x) is \-differentiable at x =x, then f(x) is HM- 
differentiable at x =xo, and the two differentials are equal. 


A modified H.\-differential is obtained if, in the definition for an 
H \M-differential, is always taken to be =0. This modified 
differential is itself the abstraction of a differential in a function space 
a recently by Fréchet. The reader is referred to Fréchet [3, 
p. 244}. 


9. Differentials in linear metric spaces. A differential calculus in 
complete normed linear spaces (Banach spaces) was initiated by 
Fréchet [1]. The differential calculi in such metric spaces have 
been extensively studied in recent years by many authors: Fréchet, 
Hildebrandt, Graves, R. S. Martin, Taylor, Elconin, Hyers, Leray, 
Schauder, Kerner, Highberg, Paxson, Michal, and several others. For 
the literature on the subject the reader is referred to the bibliographi- 
cal entries for these authors. 

A Banach space is a complete linear space with a topology de- 
termined by a norm ||x|| that satisfies the following postulates: 
(1) (2) |||]; (3) 20 and ||x\| =0 if 
and only if x=0. A Banach space is then clearly a linear topological 
space whose Hausdorff neighborhoods S,, are “spherical” neighbor- 
hoods ||x—<xo|| <4 with respect to which the generalized Cauchy cri- 
terion for convergence holds. Although a Banach space is a special 
kind of a linear topological space with a metric topology, it is suffi- 
ciently general to include as instances many function spaces. More- 
over, a Hilbert space (real) is an infinitely dimensional separable 
Banach space whose norm is defined by |!x!| =(x, x)? in terms of a 
postulated symmetric bilinear inner product (x, y). For such cognate 
subjects as linear transformations in Banach spaces and Hilbert 
spaces the reader is referred to Banach [1] and Stone [1]. 


THEOREM 9.1. Jf the linear topological spaces T, and T2 are complete 
linear normed spaces (Banach spaces), and if f(x) is Fréchet differen- 
tiable at x =Xo, then f(x) is M-differentiable at x =xo, and the two dif- 
ferentials are equal. 
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THEOREM 9.2. Jf the linear topological spaces T, and Te are finite 
dimensional arithmetic spaces, and if f(x) is differentiable at x =xo in 
the Stolz-Young-Fréchet sense, then f(x) 1s M-differentiable at x =X, 
and the differentials are equal. Conversely, if f(x) is M-differentiable at 
x =Xo, then it is differentiable at x in the Stolz- Young- Fréchet sense. 


10. Further topics in topological differential calculus. A slight gen- 
eralization of the M-differential discussed in §7 can be obtained by 
replacing condition (3) in the definition of an M-differential by the 
following less stringent condition: 


(3’) there exists some Hausdorff neighborhood Sj of 0 « T; such that, 
for all 5x « S¢, the differential f{(xo; 5x) is a first order approximation 
to the increment f(xo+6x) —f(xo) in the sense that 


f(%o + 6x) — f(xo) — 6x) e TI 


for all 5x « Sj, where TI stands for the set of values of €(xo, 5x, 5x) as 
6x ranges over S¢ . 


It would be interesting to develop the properties of such a modified 
M-differential. 

In case T; is a special linear topological space and T> is the same 
space as 7}, a certain topological differential was studied by Michal 
and Paxson. It is still an open question whether the differentiability 
theorem on the composition of functions is valid for the Michal- 
Paxson differential. If 71, however, is further conditioned to be a 
Banach space, the Michal-Paxson differential reduces to a Fréchet 
differential and the validity of the theorem is then evident. For a 
systematic development of the Michal-Paxson differential, the 
reader is referred to Michal and Paxson [4]. 


V. DIFFERENTIABLE MANIFOLDS WITH LINEAR TOPOLOGICAL 
COORDINATES 


11. Coordinate systems. It has already been remarked that a dif- 
ferential geometry deals with the theory of geometric spaces (Haus- 
dorff topological spaces) and their maps in coordinate spaces (linear 
topological spaces). The mathematical “cameras,” the mapping 
functions, are what we call the coordinate systems, while the “image” 
of a geometric point P is what we call the coordinate* of P. The unde- 
fined elements for a differential geometry are not only the geometric 


* This terminology is in slight conflict with the usage of this word in classical 
n-dimensional geometry. According to our new terminology, the one-rowed matrix x 
of m numbers x=(x!, x?, - - - , x") will constitute the coordinate of the point P. 
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points and their coordinates, but also the coordinate systems and 
their geometrical and coordinate domains. 

Let us proceed now with the more precise postulational formula- 
tion. Let H, the geometric space, be a Hausdorff topological space, 
and let T, the coordinate space, be a linear topological space. We 
postulate the existence of a class x of undefined coordinate systems (allow- 
able coordinate systems), mapping functions with arguments in H and 
values in T, that satisfies the following postulates: 

(1) To each Hausdorff neighborhood U there corresponds at least 
one coordinate system x(P) of x that maps homeomorphically U on 
some open set O of T (call U the geometrical domain and O the co- 
ordinate domain, respectively, of the coordinate system x(P)). 

(2) All such coordinate domains O are contained in some fixed 
open set Op. 

(3) There exists a Hausdorff neighborhood U, and a coordinate 
system xo(P) of x with Op as its coordinate domain. 

(4) If a Hausdorff neighborhood U; ¢ U, and if U is the geometri- 
cal domain of a coordinate system x(P), then x(P), with U; as a 
geometrical domain, is a coordinate system of x. 

(5) If x(P) is a coordinate system with U and O as geometrical and 
coordinate domains, respectively, and #(x) is a homeomorphism tak- 
ing O into an open set O, of T, then #(x(P)) is a coordinate system of 
« with U as geometrical domain and QO, as coordinate domain. 

If two Hausdorff neighborhoods U; and U; of H intersect, we have 
two mappings of their intersection on open subsets 0,¢0; and 
02 ¢ Oz, respectively. This establishes a homeomorphism #(x), called 
a transformation of coordinates (O; and O; will be called the domains 
of definition of (x) and-x(#) respectively), that takes an open subset 
O; of O; into an open subset O, of O2. Conversely,* if #=y(x) is a 
homeomorphism taking an open set O, ¢ Op into an open set O2 ¢ Oo, 
then there exist two coordinate systems x(P) and £(P) of x with co- 
ordinate domains O; and COs, respectively, such that 
£=y(x) on O/ to O/ is a transformation of coordinates from the sys- 
tem x(P) to the system £(P). 

It is possible now to define a scalar field, a geometrical object with 
components. A scalar field is a numerically valued function f(P), de- 
fined on a subset of the geometrical space, such that its components 
in two coordinate systems x(P1) and £(P2), 


a(x) = f(P,(x)), a(#) = f(P2(2)), 


* If the linear topological space T is specialized to a Banach space, see Michal and 
Hyers [3], and Michal and Paxson [2]. 
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are related by @(%)=a(x) throughout the intersection of the geo- 
metrical domains of x(P1) and <(P2). 

One can obviously extend the terminology and consider scalar 
fields for which the values of f(P) are in any class of objects. 


12. Differentiable manifolds and contravariant vectors. We shall 
now assume that each transformation of coordinates <=%(x), and 
its inverse x =x(%), possess first 1/-differentials 5x), continuous 
in x, and x(%; 6%), continuous in #, throughout their respective do- 
mains of definition. A geometric space that satisfies the postulates of 
§11, and such that the transformations of coordinates satisfy the 
above conditions, will be called a 1-differentiable manifold (with 
linear topological coordinates). 

It can be shown that (x; A) is a solvable linear function of \ with 
x(%(x); uw) as inverse for each x in the domain of definition of £(x). 

Contravariant vectors and contravariant vector field (c.v.f.) can now 
be defined for a 1-differentiable manifold. A contravariant vector (dif- 
ferential) is a geometric object with a component in each coordinate 
system such that, in the intersection of two Hausdorff neighborhoods, the 
characteristic law of transformation relating its components in the two 
coordinate systems is* #(x; &). 

A contravariant vector field can now be defined in the obvious way. 
The characteristic law under which its components transform is given 
by 

= #(x; &(x)). 


VI. DIFFERENTIABLE MANIFOLD WITH A LINEAR CONNECTION 


13. Linear connection. A geometric object called a linear connec- 
tion plays a fundamental role in finite dimensional differential ge- 
ometry as well as in the author’s infinite dimensional geometries. It 
is natural, therefore, at this early stage of the development of our 
subject to add additional restrictions on our coordinate systems and 
transformations so as to make possible the definition of a linear con- 
nection in our present more general situation. Although it is possible 
to go far formally without specializing the linear topological coordi- 
nate space, and although actually one can prove many theorems with 
the aid of long cumbersome restrictions—automatically satisfied in 
the special case of a Banach space—it seems more feasible in the pres- 
ent exposition to restrict ourselves to the more special linear metric 
coordinate space. So from now on the linear topological coordinate space 
T will be required to be a Banach space. We shall also follow from now 


* Michal [8]. 


1939] GENERAL DIFFERENTIAL GEOMETRIES 539 


on the historical development and require all differentials to be Fréchet 
differentials. 

Let us consider then a 1-differentiable manifold (with Banach co- 
ordinates), and let us assume that the second successive differential 
£(x; 6x; 62x) exists continuously in x throughout the domain of defi- 
nition of each transformation of coordinates (x). We shall call such 
a mantfold a 2-differentiable manifold. An m-differentiable manifold is 
defined in the obvious manner. 

If H is a 2-differentiable manifold, then any transformation of co- 
ordinates #(x), and its inverse x(z), have first and second differentials 
throughout their domains of definition. A geometrical object with com- 
ponents T(x, &1, &), bilinear in two contravariant vectors §, and &2, will 
be called a linear connection* 1f, under a transformation of coordinates, 
the components T(x, &1, &) undergo the transformation 


This transformation law can also be written in the following equiva- 
lent form 


(13.2) £1, = P(x, &2)) — 2(x5 £1; &). 


14. Covariant differential of a contravariant vector field. If a(x) is 
a scalar field, then the differential a(x; 6x) is a scalar field valued 
linear form in the contravariant vector 6x, that is, under a trans- 
formation of coordinates 


a@(£; 6%) = a(x; 6x). 


On the other hand, if .£(x) is a differentiable contravariant vector 
field, it is not true in general that the differential £(x; 5x) is a c.v.f. 
(contravariant vector field) valued linear form in a contravariant 
vector 5x. However, if the geometric space H is at least a 2-manifold 
with a linear connection I(x, &, &), then, for every differentiable 
contravariant vector field &(x), the form E(x| 5x) defined by 


(14.1) £(x| dx) = &(x; dx) + I(x, (x), 5x) 


is a c.v.f. valued linear form in the contravariant vector 6x. We shall 
call E(x| 5x) the covariant differential} of the contravariant vector field 
E(x). 

Since E(x| 6x) is a c.v.f. valued linear form in a contravariant vec- 
tor 5x, it is clear that the successive covariant differentials of a c.v.f. 


* Michal [8, 9]. 
t Michal [8]. 
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—(x) can be made to depend on the covariant differential of a c.v.f. 
valued multilinear form in several contravariant vectors. 


THEOREM 14.1. Let T'(x, &, 5x) be a linear connection in a 2-differ- 
entiable manifold and F(x, &, &,- a function with the following 
properties: 

(i) F is a cf. valued multilinear form in the n arbitrary contra- 
variant vectors &,---, &n3 

(ii) the partial differential F(x, &, &&,---, &; 6x) exists continu- 
ously in x throughout the coordinate domain of the coordinate system 
x(P). 

Then the function F(x, &, &,---, £, |5x) defined by the equation 


F(x, &| 6x) = F(x, En; 5x) 


+ r(x, F(x, £2, 5x) 


is a c.v.f. valued multilinear form in &, &, +--+, &a, 6x. We shall call 
F(x, £1, 5x) the covariant differential* of F(x, &, - &,). 


If the geometrical space is a 3-differentiable manifold with a linear 
connection I(x, &, &), then the requirement that the differential 
T(x, &:, &; 6x) exist continuously in x persists under a transformation 
of coordinates. On applying the preceding theorem one can prove the 
following theorem. 


THEOREM 14.2. If the geometrical space H 1s a 3-differentiable mani- 
fold with a linear connection T(x, &, &), and if the differential 
T(x, £1, £; 6x) exists continuously in x, then for every cf. E(x) with 
continuous second differential —(x; 5x; 52x) in x the following commuta- 
tion formula holds: 


52x | 55x) = B(x, £(x), 52x) 
— 2&(x| 51x, dex)), 


E(x! 


box —_ (x 
(14.3) 


where B(x, £, 5x, box), called the curvature form, is defined by 


(14.4) B(x, &, 6x, dex) = T(x, &, 6x; dex) — T(x, &, dex; 6,4) 
+ I(x, P(x, 6:x), dex) — P(x, P(x, dex), 6:0), 
and where Q(x, b,x, 52x), called the torsion form, is defined by 


14.5 Q(x, bax) = T(x, b,x, dex) — P(x, dex, } /2. 
t 


* Michal [8]. 
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The curvature form is a c.v.f. valued trilinear form, while the torsion 
form is a c.v.f. valued bilinear form. 


With evident restrictions on the geometrical space H and the linear 
connection I(x, £, &), it is possible to consider the successive co- 
variant differentials of the curvature form B(x, £, b,x, dex). 

Besides the obvious skew-symmetric and cyclic identities* satisfied 
by the curvature form based on a symmetric linear connection, one 
can show that the following “Bianchi” identity holds for a symmetric 
linear connection: 


(14.6) B(x, & £1, + B(x, &, Es, | + B(x, &, &| &) = 0. 


An indirect but elegant proof of (14.6) can be given with the aid of the 
properties of abstract normal coordinates. See §17. This method of 
proof requires, however, additional restrictions on the space H and 
its linear connection. 

A differentiable manifold of interest is one with a fundamental geo- 
metric object consisting of a Banach scalar valued linear form 
F(x, £) in a contravariant vector £. If we assume that F(x, £) is con- 
tinuously differentiable in x and is a solvable linear function of — with 
F’(x, X) as inverse function, then F’(x, \) is a c.v.f. valued linear form 
in a Banach scalar \, and I'(x, &, &), defined by either one of the two 
equal expressions 


(14.7) r(z, f2) F’(x, F(x, §1); £2) = F'(x, F(x, f2)), 


is a linear connection with a curvature form* B(x, £1, &, £3) =0. 

A special case of great interest is furnished by the group scalar 
form F(x, &). We call F(x, &) a group scalar form? if, in addition to the 
above restrictions, it satisfies the abstract differential equation} 


(14.8) F(x, £1; £2) F(x, £2; £1) C(F(x, F(x, f2)), 


where C(A, u), called a structural form, is a Banach scalar valued 
bilinear form in two Banach scalar variables \ and yu, that satisfies the 
identitiesf 


(14.9) = — C(u, d), 


C(C(A, #), ¥) + C(C(, d), uw) + C(C(u, v), d) = 0. 


THEOREM 14.3. If F(x, &) is a group scalar form with F’(x, dX) as 
inverse function and I(x, &, &) is the linear connection (14.7), then the 
curvature form B(x, &1, &, &) based on the symmetric linear connection 

* Michal [7]. 

t The existence of a group scalar form for a differentiable group manifold with 


Banach coordinates is shown in Michal-Paxson [1, 2]. See also Michal-Elconin [2]. 
t Michal-Elconin [2]. 
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S(x, {T(x, &, + T(x, £1)} /2 
becomes the elegant expression 
Bg(x, 2, 3) = F’(x, As), ¥1))/4, 


where \;= F(x, &:), (¢=1, 2, 3), and C(A, pn) ts the structural form. The 
covariant differential of Bs(x, £1, &, based on S(x, vanishes: 


Bs(x, &, | = 0. 
VII. PARALLEL DISPLACEMENT AND AUTO PARALLEL CURVES 


15. Parallel displacement of a vector field along a curve. If x = x(t) 
is the coordinate equation of a curve C in a 2-differentiable manifold 
with a linear connection, then the defining equations of parallelism of 
a c.v.f. &(x) along the given curve C are* 


(15.1) (=. = aes), 


where a(t) is an arbitrarily chosen numerically valued scalar field. 
If we then eliminate a(t) in (15.1), the equations of parallelism take 
the equivalent form 


d d d dx 
(15.2) + = (= + —) eta), 


where /(£) is an arbitrary scalar valued linear form in a contravariant 
vector &. 

If there exists a scalar valued bilinear inner product [&, £] in the 
contravariant vectors £ and &, and if [£, &] is definite in each 
variable—that is, =0 for all implies &=0, and [&, &]=0 
for all & implies £,=0—then the equations of parallel displacement 
(15.1) can be written 


( ) + (=, =) dt x, dt 


for all L. 


16. Differential equations of paths. Amongst the curves of special 
interest in a 2-differentiable manifold are the autoparallel curves, or 
paths. A path is a curve with the property that its “tangent” vector 
dx/dt forms a parallel vector field along the curve with respect to the 
curve.* It follows immediately, therefore, from the preceding section 


* Michal [7, 10]. 
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that a path satisfies the differential equation 


(16.1) 4 r( dx =) dx 
dt? 

and hence 

dx\ (d?x dx dx 

a} 

dt dt? dt dt 

(16.2) 


d*x dx dx\\ dx 
dt? dt dt dt 


where /(£) is an arbitrary scalar valued linear form in a contravariant 
vector £ Again, if there exists a scalar valued bilinear inner product 
[£, L] that is definite in each variable, a path satisfies the differential 
equation 


dx d*x dx dx 
dt dt? dt dt 
d*x dx dx dx 
= + r(«, |= 
dt? dt dt dt 
for all L. 


There always exists a parameter s, called an affine parameter, such 
that a path satisfies the differential equation 


dx dx 


Along a path an affine parameter is determined to within an affine 
transformation. : 

The question of the existence of a path passing through two given 
points was discussed by Michal and Hyers [1]. In this paper two 
point boundary value problems for abstract differential equations 
(16.4) were studied. For details see the Michal-Hyers paper just cited. 


(16.3) 


VIII. ABSTRACT NORMAL COORDINATES 


17. Existence of normal coordinates. By a normal coordinate sys- 
tem y(P) with center Py we mean a coordinate system y(P) with the 
property that, in the neighborhood of a point P» with coordinate 
y =0 corresponding to the value s=0 of the affine parameter, the 
equation of a path through P» takes the simple form 


(17.1) y = Sa, 


where a@ is a Banach element. To prove the existence of normal co- 


(16.4) 
ds? ds_ ds 
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ordinate systems in a differentiable manifold with a symmetric linear 
connection, it seems necessary to make some additional restrictions 
on the differentiable manifold and on the symmetric linear connec- 
tion. The first study of abstract normal coordinates was made by 
Michal and Hyers in Michal-Hyers [2, 3]. The following fundamen- 
tal existence theorem was proved.* 


THEOREM 17.1. Let > be the coordinate domain of an allowable K™ 
coordinate system x(P), and let the linear connection T(x, &1, &) be of 
class C™ locally uniformly on 2, subject to the restriction m=n-+2. 
Then corresponding to each point q « 2 there is a constant c>0 and a 
function h(p, x), of class C™ uniformly on E*((q)2-), such that for any 
choice of p in (q)- the transformation y=h(p, x) is of class K™ for 
x 2 (p). and defines a normal coordinate system y(P) with center Po(p). 


The preceding theorem shows that there exist normal coordinate 
systems in a special m-differentiable manifold with a symmetric 
linear connection. The coordinate systems, called here allowable 
K™ coordinate systems, of the class x (see §11) require that the 
transformations of coordinates are of class K™. See Michal-Hyers 
[3] for the definition of class K™ and other definitions not given 
explicitly here. 

The following two theorems, stated and proved in Michal-Hyers 
[3], show clearly the importance and usefulness of normal coordi- 
nates in general differential geometry. We use a dagger f to denote 
evaluation in a normal coordinate system. 


THEOREM 17.2. For y in the coordinate domain of the normal coordi- 
nate system y(P), 


(17.2) T(y, y, y) = 0, 
while 
(17.3) iT(0, A, 4) = 0 


for all X in the Banach coordinate space T. 


THEOREM 17.3. Let x(P) and £(P) be two allowable K** coordinate 
systems (n=2) whose geometric domains have a point Po in common, 
and let the linear connection T(x, £1, &) be of class C™ locally uniformly 
in the coordinate domain of x(P). Suppose that y(P) and 9(P) are the 
normal coordinate systems determined by the coordinate systems x(P) 
and <(P), respectively, and with the same point Po of H as center. Then 
there exist two open subsets S, and S; of the coordinate domains of y(P) 
and ¥(P), respectively, such that 


* Michal-Hyers [3]. 
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(1) Oe S,, Oe S;; 

(2) the linear coordinate transformation 
(17.4) = £(p; where p = x(Po), 
takes S, into S;; that is, normal coordinates undergo a linear transfor- 


mation under a general transformation of the determining coordinates. 


18. Differential invariants. The actual use of normal coordinate 
methods often requires the explicit formulas giving the differentials 
of the transformation y =h(p, x) to normal coordinates in terms of the 
linear connection and its differentials. For simplicity of notation define 
u(y) and its inverse v(x) by 


(18.1) uly) = f(p, y), v(x) = h(p, x). 
Under the restrictions of Theorem 17.1 one can show that 


(0; 6 

(18.2) 4 
u(0; d1y; dey; - - - 


by, 
— I,(p, dy, ---,5y), 


where I(x, &, &,---, &) is the polar of the homogeneous poly- 
nomial H,(£) defined by 


H,(é) = & & — T(x, 8,8 8) 
+ + T(z, 5 I(x, g, £))} 


in terms of lower order I’s. There are similar formulas for the dif- 
ferentials of v(x) evaluated at x= p. For further results and details 
see Michal-Hyers [3]. 

The covariant differential of a scalar field valued or c.v.f. valued 
multilinear form in several contravariant vectors obviously retains 
its form as a functional of the multilinear form and its differentials 
and of the linear connection and its differentials. This is what we 
mean when we say that the covariant differential is a stmultaneous 
differential invariant of the multilinear form and the linear connec- 
tion. The first covariant differential is a first order simultaneous dif- 
ferential invariant, while the successive covariant differentials are 
simultaneous differential invariants of higher order. 

There are other higher order simultaneous differential invariants, 
called extensions of the multilinear form, that are symmetric in the 
new increments. This is to be contrasted to the asymmetry of suc- 
cessive covariant differentials (see, for example, formula (14.3)). 
These extensions of multilinear forms require the geometric space to 
be of a more restricted character in that their very definitions are in 
terms of normal coordinates. For example, the rth extension of 


(18.3) 
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F(x, &, - - +, is defined in normal coordinates y by 
tF(O, -- , 519; Sey; 5 


The first extension, if it exists, coincides with the first covariant dif- 
ferential. However, it must be borne in mind that the first covariant 
differential may exist and yet not be the first extension. 

Similar methods can be used to define a fundamental set of dif- 
ferential invariants of a linear connection. Such differential invariants 
of the linear connection we call normal vector forms. It is clear from 
their definition that the normal vector forms are c.v.f. valued multi- 
linear forms in several contravariant vectors. If 


A A o(x, fo, §3, &), A,(x, fo, £42) 


are the first r normal vector forms, then every differential invariant 
depending on a symmetric linear connection and its differentials up to 
the rth order can, by a very simple replacement process, be written as a 
functional of the first r normal vector forms. This is the reason why we 
called the set of normal vector forms a fundamental set of differential 
invariants. For further details we refer the reader to the Michal- 
Hyers [3] paper, and especially to §§5, 6, and 7 of that paper. The 
explicit expression of the normal vector forms in terms of the sym- 
metric linear connection and its differentials can be calculated readily 
with the aid of formulas (18.2) and the corresponding formulas for 
the differentials of v(x). 


IX. COVARIANT VECTORS AND A SPECIAL CLASS OF 
NORMAL COORDINATES 


19. Covariant vectors. The geometric objects studied so far have 
been scalars, scalar fields, contravariant vectors, contravariant vector 
fields, linear connections, scalar field, and c.v.f. valued multilinear 
forms in one or several contravariant vectors. The concept of a co- 
variant vector, however, has not been used explicitly in any essential 
manner. There is a certain amount of arbitrariness in the choice of a 
definition for a covariant vector. We shall make a definition that 
seems natural, although not the most general, for some later develop- 
ments that we now have in mind. To make this definition, we must 
restrict the Banach coordinate space T by postulating independently* 
of the Banach norm {|x| of T a bilinear inner product [x, y| on T? 
to the real numbers with the following properties: 

(1) If [x, y]=0 for all x « T, then y=0. 

(2) If [x, y]=0 for all y e T, then x=0. 


* Rotations in such Banach spaces have been studied in Michal-Highberg-Taylor 


[1]. 
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We shall use the symbol E to designate such a space T. 

Unlike the situation in Hilbert space, the adjoint of a linear trans- 
formation in E is not necessarily defined throughout E, even though it 
always exists.[ This remark motivates then the following definition. 
A function T*(y) with argument and values in E will be said to be an 
adjoint (transformation) of a linear transformation T(x) on E to E if 

(1) T*(y) is linear throughout E; 

(2) [T(x), y] =[x, T*(y)] for all x, ye E. 

Clearly an adjoint, if it exists, is unique (within the = relation of E). 
Some of the elementary properties of adjoint transformations are 
readily proved. See Michal [9], Michal-Hyers [4], as well as Michal- 
Highberg-Taylor [1]. 

If then the adjoint x*(%; ) of the differential x(z; 5Z) exists 
throughout the domain of definition of the transformation of co- 
ordinates x=x(%), the transformation law of the components of a 
covariant vector§ 7 =x*(; n) is well defined. 

In order to treat differential invariants involving both covariant 
and contravariant vectors, it is clear that the theory in Chapter VIII 
on normal coordinates must be considerably modified and extended. 
One of the most difficult new problems, though trivial when the co- 
ordinate space E is finite dimensional, is to prove the existence and 
differentiability of the adjoints of the differentials of the transforma- 
tion to normal coordinates. 


20. Some fundamental existence theorems. The following exist- 
ence theorem is of interest in itself, aside from its use in general dif- 
ferential geometry. 


THEOREM 20.1. Let X be a neighborhood of a point xo of the space E 
and let V(x, £, n) be a function on XE? to E, bilinear and symmetric 
in &, n and satisfying the following conditions: 

(i) T(x, & 7) is of class C™ uniformly on X E*((0):). 

(ii) The adjoint T's) (x, £, n) exists and ts of class C™ uniformly on 
XE*((0)1). 

(iii) The adjoint 14)(x, n; d) exists and is of class uni- 
formly on X E*((0);). 

Let YoXo be the &, p range of definition of the solution p(sé, p) 
(known to exist by Theorem 1.1 of Michal-Hyers [3]) of the differential 
System 


(20.1) d*x r( dx =) (0) (=) 
20. — x,—» —})=0, x =p, —j}=. 
ds? ds. dS P ds/ 
t Michal-Highberg-Taylor [1]. 
§ Michal [9]. 
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Then the “adjoint differential system” 


d*z* 
d + 2'(s, d)) 
d * * 
(20.2) +2 A, = 0, 
o=s 
dz*(s, d) 
ds 0 


has a unique solution =y(s, p, X), which is of class C"-» in £, p,d 
uniformly on YoXoE((0):) for each s in I, where I is the interval 
O<s<1. Furthermore, the adjoint (st, of the solution u(sé, p; d) 
of the differential system 


d*z ( dz ) 
(20.3) 


dz(s,X) 
2(0, =, ( ) r(p, r, 
d s=0 


where =dy(st, p) ds, exists and is equal toy(s, p, d). 


Let now the mappings of neighborhoods of the geometric space H 
and the postulates on coordinate systems be taken as in Chapter 
VIII, with the general Banach space replaced by the space E, and 
transformations of class K‘” replaced by transformations of class 
k™, For the definition of transformations of class k®™ the reader is 
referred to Michal-Hyers [2, 4]. Let further x(P) be some allowable 
k‘"*») coordinate system, and assume that, for any point x of the 
coordinate domain of x(P), the linear connection I(x, £1, &) satisfies 
the following conditions: 

I. T(x, &, &) is a symmetric bilinear function of & and &. 
Il. T(x, &, &) is of class C™ locally uniformly at x. 

III. The adjoint I, (x, £1, &) exists and is of class C™ locally uni- 
formly at x. 

IV. The adjoint (x, £1, exists and is of class locally 
uniformly at x. 

The following key theorem can be proved with the aid of Theorem 
20.1. For details of proof and further developments see Michal- 
Hyers [4]. 


THEOREM 20.2. Let g be any chosen point of the coordinate domain = 
of an allowable k** coordinate system x(P) in which the above cond1- 
tions I-IV are satisfied by the linear connection T(x, 1, &). Then there 
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exists a constant d>0 and a function h(p, x) of class C™ uniformly on 
E*((q)ea) such that, for any choice of p in E((q)a), the transformation 
y=h(p, x) with inverse x=p(y, p) ts of class k™ for x e E((p)a) and 
defines a normal coordinate system y(P) with center Po=P(p). 


An important further use of normal coordinates will be made in 
the study of general projective geometry, general Riemannian ge- 
ometry, and general conformal geometry. Compare the succeeding 
chapters. 


X. GENERAL PROJECTIVE DIFFERENTIAL GEOMETRY 


21. Projective change of connection. The differential equations of 
the paths in a differentiable manifold with a linear connection and 
with a coordinate space E that was employed in Chapter IX take the 
form (16.3) in a general parameter ¢, while in an affine parameter s 
they take the form (16.4). The equations (16.3) have the advantage 
that they retain their form under a general transformation of the 
parameter ¢, while (16.4) retain their form under an affine transforma- 
tion of the affine parameter s. 

One of the interesting questions that arises here is the following: 
what is the most general linear connection on the given differentiable 
manifold such that the paths determined by this linear connection 
are the same as the paths determined by the originally given sym- 
metric linear connection? In other words, what is the most general 
transformation of linear connection (called projective change of connec- 
tion) that leaves invariant the differential equations (16.3) of the paths? 
To answer this question it seems necessary to restrict the coordinate 
space E still further. 

The linear transformations in Z form a new Banach space R whose 
norm function may be taken as the modulus of a linear transforma- 
tion in E. In fact R is a normed ring with unit element. The bilinear 
ring product L,Z2 is defined by the succession of two linear transfor- 
mations in E, and the unit J of R is defined by the identical trans- 
formation in E. 

We condition the normed ring R, and hence indirectly the space 
E, by the following postulate. 


There exists a linear function [L], called a contraction, on R to the real 
numbers with the properties: (1) [LiL2]=[LeL,]; (2) [N(*)a]=N(@), 
where N(é) ts linear on E to the real numbers. 


DEFINITION. A space E, whose normed ring R is so conditioned, will 
be called a space E with a contraction ring R. 


t Michal [10]. 
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The following theorem answers the question raised above. 


THEOREM 21.1. The most general transformation of the linear con- 
nection I(x, £1, &), called a projective change of connection, that pre- 
serves the equation (15.3) of parallelism and hence the corresponding 
equation (16.3) of paths, is given by 


(21.1) iT (x, £1, fo) r(x, £1, + ¢(x, Ei + 


where (x, &) is any scalar field valued linear form in a contravariant 
vector &. 


22. Projective curvature form and projectively fiat spaces. Let 
B(x,£1,£,£3) be the c.v.f. valued curvature form (see equation (14.4)) 
based on the symmetric linear connection T(x, &, &). Denote 
by B(x, &, *, &) the bilinear function of & and & whose values are 
in the contraction ring R and which corresponds to B(x, £1, &, &) when 
considered asa linear function of £. Similarly denote by B(x, *, &1, &) 
the function which has values in R and which is the correspondent of 
B(x, &, &, &) when considered as a linear function of &. With the aid 
of the contraction function [LZ] we can define 


B(x, £2) = [B(x, £1, *, ts) | 
(22.1) B(x, &1, 2) = 3[B(x, *, £1, &)] 
v= [I], 


where J is the unit of R. 

By a simple argument, we find that B(x, &, &) and B(x, &, &) 
are scalar field valued bilinear formst in the contravariant vectors & and 
&. It follows, therefore, that the form W(x, &, &, &), called a pro- 
jective curvature form and defined by 


2 
W(x, B(x, &1, £2, £3) B(x, £2, 
v+i1 


1 


2 


B(x, £1, 


(B(x, £1, 


(7]#-1,+1, 


t More generally, if T(x, &, &) is a c.v.f. valued 
multilinear form in the p contravariant vectors &, then [T(x, 
&)], the contraction of T(x, &,--~-, considered as a linear 
function of £;, is a scalar field valued multilinear form in the p—1 contravariant vec- 


ll 


for v 
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is a c.v.f. valued trilinear form in the contravariant vectors £1, £2, &3. 
The following two theorems justify the terminology projective curva- 


ture form. 


THEOREM 22.1. The projective curvature form W(x, £1, &, &) for 
v=[I]*—1, +1 is a projective differential invariant, that is, it remains 
invariant under a projective change of connection. 


A differentiable manifold with a symmetric linear connection will 
be said to be projectively flat if there exists a projective change of 
connection yielding a differentiable manifold with a vanishing curva- 
ture form. 


THEOREM 22.2. Let H be a 3-differentiable mantfold with a symmetric 
linear connection T(x, £1, &) that satisfies the restrictions laid down in 
Chapter 1X. Further, assume that the coordinate space is a space E with 
a contraction ring R, and that the functions V(x, *, &),---, 
T(x, &, £; *) with values in R possess first differentials in x. Finally, 
we restrict ourselves to numerically valued linear functions I(x) on E that 
can be written as I(x) = [a, x], and assume that v=[I|# —1, +1, +2. 
Then a necessary and sufficient condition that H be projectively flat 
(locally) is that the projective curvature form W(x, £1, &, &) vanish 
locally. 


The more difficult part of the proof of this theorem centers around 
the differential functional equation 


$(x, £1; £2) = O(a, P(x, £1, + 

(22.3) 1 2 
— — B(x, + —— B(x, &2). 

y—1 y>—1 

Equation (22.3), together with W(x, &, &, &) =0, is shown to be 
equivalent to a completely integrable abstract Pfaffian differential 
equation. The existence of a $(x, £) is then shown with the aid of an 
existence theorem of Michal and Elconin [1, 3] on abstract Pfaffian 
differential equations. 


XI. GENERAL RIEMANNIAN DIFFERENTIAL GEOMETRY 


23. Element of arc length and abstract Christoffel symbols. A dif- 
ferentiable manifold with a linear connection of special interest is a 
general Riemannian space whose coordinate space T is an abstract 
normed linear space E with an independently postulated inner prod- 
uct [x, y]. See §19 of Chapter IX for the definition of a space E. 


DEFINITION. By a general Riemannian spacet with coordinates in an 


t, Michal [11, 12]. See also Michal [6, 7]. 
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abstract space E we mean an m-differentiable manifold H with coordi- 
nates in a space T such that 

(1) T is a space E and H has allowable k™ coordinate systems ;t 

(2) the differentials of the coordinate transformations possess ad- 
joints with respect to the inner product |x, y| of E at each point of their 
domains of definition; 

(3) there exists a covariant vector field valued linear form, called a 
metric form, g(x, —) in a contravariant vector £ with the following proper- 
ties at each potnt x of the coordinate domain of every allowable coordinate 
system: 

(3a) g(x, &) ts differentiable in x up to the pth order, where p<m, and 
where the pth differential is continuous in x; 

(3b) g(x, £)] is positive definite in 

(3c) g(x, &) is a solvable linear function of — with G(x, n), say, as its 
inverse function; 

(3d) g(x, £) is self-adjoint (so that [&1, g(x, &)] is symmetric in & 
and &2); 

(3e) the adjoint gi5)(x, £; 5x) of the differential g(x, £; 5x) exists and 
ts itself continuously differentiable to the (p—1)st order (clearly 

+ * 
(x, bx) = gig) (x, dx; £)); 
(4) the element of arc length is defined by 


ds = g(x, 6x) 


The theory of a general Riemannian space we call a general Riemannian 
differential geometry. 


Define the function ['(x, &, &) by 
(23.1) I'(x, £1, £2) = G(x, £1, &2)) 
wheret 
(23.2) (x, &) = { g(x, E15 £2) + g(x, E25 £1) — £15 &)}/2. 


It can be shown that I(x, &, &), so defined, is the component of a 
symmetric linear connection, called an abstract “Christoffel” symbol 
(of second kind). We shall call y(x, &, &) the “Christoffel” symbol of 
the first kind. 


Clearly the adjoint T'%)(x, 7, £) exists§ bilinearly in the covariant 
vector 7 and contravariant vector & and is given by 


t For their definition see Michal-Hyers [2, 4]. 

t See Michal [6, p. 528] where this expression is given for the first time. 

§ In a general Riemannian geometry there thus exist two types of “linear con- 
nection” : one is the abstract Christoffel symbol, and the other is represented by either 
one of its adjoints. See Michal [6, 11]. 
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ll 


G(x, 0), 
{ g(x, G(x, 0); + giay(x, 2)) 
— g(x, §;G(x, n))} /2. 


Since [ is a symmetric linear connection, we also have 


£) 


(23.3) 


(23.4) &, 2) = 2, 8). 

The transformation law for the abstract Christoffel symbol of the 
first kind y(£:, 2) in the contravariant vectors £, and & is found to be 


The transformation laws for the adjoints of the two abstract Christof- 
fel symbols are derived easily from the corresponding transformation 
laws of the abstract Christoffel symbols. For example, 


(23.6) Piay(#, 9, = 2° (4; 0, + 05 8), 
and 
(2827) &, = x" (4; £1, + g(x, £3); fs). 


The following fundamental theorem and its important corollary 
hold good. 


THEOREM 23.1. A necessary and sufficient condition that the covariant 
differential g(x, | 6x) of a general Riemannian metric g(x, &) vanish, 
where 

g(x, 5x) = g(x, 6x) g(x, L(x, 5x)) Li) (x, g(x, 5x) 


is based on any linear connection L(x,t,ix) with an adjoint 
L& (x,n,8x), is that the symmetrized linear connection S(x,£1,&) 
= { L(x,£1,£2) +L (x, £2, £1) } /2 be uniquely determined by the metric 
g(x, £) and the torsion form 


O(x, f1, = { L(x, &) — L(x, &1)}/2 
by means of the formula 
S(x, £1, = I(x, £1, + O(x, &, £2) 
(23.8) + G(x, £1, g(x, &))) 
+ G(x, M%s)(x, 2, g(x, £1))), 


where V(x, &, &) is the abstract Christoffel symbol of the second kind 
based on the general Riemannian metric g(x, &). 
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CoROLLARY.f A necessary and sufficient condition that the covariant 
differential g(x, t| 6x) of a Riemannian metric g(x, £) based on a sym- 
metric linear connection L(x, £1, &) vanish is that L(x, &,, &) be the 
Christoffel symbol of the second kind T(x, &, £) based on the given 
g(x, &). 


In other words, in a general Riemannian space with metric g(x, &), 
the functional equation 


(23.9) g(x, 6x) = g(x, L(x, dx)) + Li)(x, g(x, 5x) 


has a unique symmetric solution given by the Christoffel symbol of 
second kind L(x, &, &) =I'(x, &, &) of the general Riemannian space. 
Conversely, if L(x, &, 6x) =I'(x, &, 6x), then the metric g(x, £) satisfies 
the abstract Pfaffian differential equation (23.9).f 


24. Abstract Riemann-Christoffel curvature form. If we denote the 
c.v.f. valued curvature form based on the abstract Christoffel symbol 
I(x, &, &) by B(x, &, &, &), then it is clear from Theorem 14.2 that 
in general Riemannian geometry successive covariant differentiation 
is not a commutative operation (except in a locally flat case, that is, 
when B(x, £1, &, £3) =0 in each coordinate domain and for arbitrary 
contravariant vectors £&,, £, £3), and in fact 


(24.1) £(x| | dex) — | dx) = B(x, E(x), 51%, 52x) 


for arbitrary differentiable c.v.f. &(x). 
Define the abstract Riemann-Christoffel curvature form R(x, &1, &, &3) 
by 


(24.2) R(x, £3) = g(x, B(x, £1, bo, §3)). 


Clearly R(x, &, &, £3) is a cov.v.f. valued trilinear form in the con- 
travariant vectors &, £, &. 


THEOREM 24.1. The abstract Riemann-Christoffel curvature form can 
be written in the following useful manner: 
R(x, £1, 2, = { g(x, E25 £15 £3) + £03) £1; 3; &2) 
£1; t2; £3) — g(x, &35 £1; fo) } /2 
+ G(x, ¥(x, fi, f3)), fo) 


G(x, ¥(x, £1, f2)), 


(24.3) 


t Michal [6, p. 528]. 
¢ The Pfaffian equation (23.9) is not, as it stands, a total differential equation of 
the type studied in Michal-Elconin [3]. 
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THEOREM 24.2. The following identities are satisfied by the abstract 
Riemann-Christoffel curvature form 


R(x, £1, &, &) = — R(x, £1, £3, &2), 

R(x, &1, £2, &) + R(x, &, £1, &) + R(x, &, = 0, 

R(x, £1, = Riay(x, £1). 

25. Geodesics, parallel displacement and abstract normal coordi- 


nates. The extremal curves for the generalized calculus of variations 
problem 


(25.1) ( =) a 
g min 


are found by taking a family of curves 
(25.2) Z(t) = x(t) + ea(d)y, a(to) = a(t;) = 0, 


where a(t) is a differentiable real function and y is a Banach variable. 
On extending the classical methods in the obvious way we find that 
the extremal curves, called geodesics, for the length integral (25.1) 
satisfy the abstract Euler-Lagrange differential equation 


(25.3) d?x(s) +r/( dx =) 
ds? ds)” 


where I(x, £1, &) is the abstract Christoffel symbol of the second kind 
(defined in (23.1)) and s is the arc length parameter defined by 


dx 1/2 
t, \Ldt dt 


It follows immediately from (25.3) that a geodesic 1s an autoparallel 
curve, that is, the tangent vectors dx/ds of a geodesic form a parallel 
vector field with respect to that geodesic. 

With the aid of Theorem 20.2 and the properties of functions of 
class C™ locally uniformly at x, the following existence theorem on 
abstract normal coordinate systems in a general Riemannian space 
can be established. 


(24.4) 


THEOREM 25.1. Let = be the coordinate domain of an allowable 
k‘"+2) coordinate system x(P) ina general Riemannian space with metric 
form g(x, &). If g(x, £) and 2) (x, £1; &) are, respectively, of class 
C+) and C™ locally uniformly at each x « x, then the hypotheses of 
Theorem 20.2 are satisfied when we take the linear connection I(x, £1, &2) 
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to be the abstract Christoffel symbol (23.1) of our Riemannian space. 
The conclusions of Theorem 20.2 hold good, then, for the case on hand 
under the hypotheses of the present theorem. 


Since the abstract Christoffel symbol satisfies} the identity 
'T(s, x, ¥) =0 in a neighborhood of the origin of a normal coordinate 
system y(P), the following results amongst several others can be 
proved. 


COROLLARY. The metric form g(x, &) of a general Riemannian space 
satisfies the following differential identities in a neighborhood of the 
origin of a normal coordinate system y(P): 


te(y, = 0, tgis(y¥, ¥3 = 0. 


26. Riemannian curvature in a general Riemannian space.§ Let \1 
and dz be the components of two contravariant vectors (directions). 
The Riemannian curvature K at a point of a general Riemannian 
space with respect to the “orientation” Au, Az is defined by 

Rix, de, de, } 


(26.1) K 


where g(x, &) is the metric form of the general Riemannian space 
and R(x, £1, &, &) is the corresponding abstract Riemann Christoffel 
curvature form (see §24). 

The following theorem furnishes an alternative definition of the 
Riemannian curvature K. 


THEOREM 26.1. The Gaussian curvature at a point P of the two dimen- 
stonal geodesic surface S determined by the orientation \y, d2 at P ts 
equal to the Riemannian curvature K given in (26.1). 


In the proof of this theorem we make special use of Theorem 25.1 
on abstract normal coordinates. The first fundamental form of S 
induced" in S by the enveloping general Riemannian space is 


(26.2) bas(u), , 


162) |= ( de) ] 
3 ) a3 g B, BLY 


t See Michal-Hyers [3, p. 166]. 

§ Michal [12]. 

| These considerations foreshadow a general theory of spaces immersed in other 
spaces. 


where 
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and y is an abstract normal coordinate of the general Riemannian 
space with origin at the point P. On computing the Gaussian curva- 
ture of S, 
birbes — djs 

we find it equal to the K given in (26.1) and computed for abstract 
normal coordinates y. Hence (26.1) holds in a general coordinate 
system. 


THEOREM 26.2. A necessary and sufficient condition that the Rieman- 
nian curvature K(x) at a point of a general Riemannian space be inde- 
pendent of the orientation dx, d2 1s that the metric form g(x, £) satisfy 
the abstract differential equation at that point 


(26. 3) R(x, K(x) g(x, £2) £3) g(x, £3) ]e(x, fs) } 
for arbitrary contravariant vectors &3. 

27. General Riemannian spaces of constant Riemannian curva- 
ture.* If the Riemannian curvature K is the same for all points 
(locally) and for all orientations, then the general Riemannian space 
will be referred to as of constant Riemannian curvature (locally). 


The existence of general Riemannian spaces with constant Rieman- 
nian curvature follows immediately from the following theorem. 


THEOREM 27.1. Let 1(£) be a solvable self-adjoint linear transforma- 
tion such that [€, 1(€)] is positive definite, and let 


I(é) 


! +— 


(27.1) g(x, = 


Then a general Riemannian space with element of arc length based on the 
special metric form g(x, &) given in (27.1) 1s a general Riemannian 
space with a constant Riemannian curvature Ky. 


If the Banach coordinate space E of a general Riemannian space 
of constant Riemannian curvature K ~0 is taken to be the usual 
n-dimensional euclidean arithmetic space, then the general Rieman- 
nian space is locally one of the classical finite dimensional non- 
euclidean geometries usually associated with the names of Riemann 
in the case K >0 and with those of Bolyai and Lobatschefski in the 
case K <0. 

Amongst the many new infinitely many dimensional examples of 


* Michal [12]. 
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general Riemannian spaces with constant Riemannian curvature, 
there are two that are of special interest.* One is obtained by taking 
the Banach coordinate space E to be Hilbert space with [x, y] as the 
Hilbert space inner product. The other interesting infinitely many 
dimensional example is obtained by taking E to be the space of real 
continuous functions on a real interval (a, b) with the integral over 
(a, b) of the product of two functions as the inner product of these 
functions, and by taking 


bes 1a(5x%)? + 
= 


Ko 
{1 las (la(x*)? + 


where /,#0 and /,3 are real continuous functions of the real variable 
a and the real variables a and 8B, respectively, and where the Fred- 
holm determinant D[l.3/l3|0. In (27.2) we also understand that a 
repetition of a real variable in a term, once as a subscript and once 
as a superscript, denotes Riemann integration with respect to that 
variable over the interval (a, b). See §4. 

Up to the present, the coordinate space E of our Riemannian 
geometries was not required to be space E with a contraction ringf R. 
One of the most interesting theorems in all of general differential 
geometry seems to depend in an essential manner on the fact that the 
coordinate space is a space E with a contraction ring R. The theorem 
in question is as follows. 


THEOREM 27.2. A general Riemannian space that satisfies the follow- 
ing conditions 1s a space of constant Riemannian curvature: 

(1) the coordinate space is a space E with a contraction ring R; 

(2) the contraction [I] of the unit element I of the normed ring R is 
different from 1 or 2; 

(3) the Riemannian curvature at each point is independent of the 
orientation de). 


It is of some importance to observe that the condition [J] =1 or 2 
does not necessarily entail a finite dimensional Riemannian space. 
In fact, there exist infinitely many dimensional spaces for which re- 


* Michal [12]. We mention here in passing the important subject of general 
Riemannian geometry with complex Banach coordinates and a Hermitian differential 
metric. Infinite dimensional spaces of this type (especially those of constant Riemann- 
ian curvature) may be useful in a more satisfactory treatment of various physical 
theories such as the quantum theory—a mere speculation perhaps, but worthy of 
serious consideration! 

Tt See §20 for the definition of such a coordinate space. 
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striction (2) of the above theorem is not satisfied. Furthermore, there 
exist infinitely many dimensional general Riemannian spaces of con- 
stant Riemannian curvature for which restrictions (1) and (3) of the 
above theorem are satisfied but (2) does not hold—there are cases 
where [J] =1 as well as cases where [I] =2. 

We mention in passing the important subject of general Riemann- 
ian spaces of constant Riemannian curvature considered as spaces 
immersedf in composite abstract euclidean spaces with coordinates 
(x, t), where x is a Banach variable and ¢ is a real variable. 


28. General conformal differential geometry.{ We have already 
had examples of conformally flat general Riemannian spaces, that is, 
spaces whose element of arc length ds is the product of a scalar field 
and the element of arc length of an abstract euclidean space. The 
spaces whose metric form g(x, £) is given by (27.1) are conformally 
flat. 

The theory of conformally equivalent general Riemann spaces that 
have coordinate spaces E with a contraction ring R centers around a 
c.v.f. valued trilinear form C(x, &, £, &) in the contravariant vectors 
£1, £2, &. We call this form the conformal curvature form. It is a con- 
formal differential invariant, for it retains its form as a functional of 
g(x, £) and its first two differentials under a differentiable conformal 
transformation 


g (x, £) A(x)g(x, f), d(x) > 0. 


Its definition is as follows: 
1 
C(x, £1, = B(x, + ——— — RC, 


+ R(x, — [Es, g(x, R(x, &)) 
+ g(x, &)|G(x, R(x, } 
R(x) 
1} — Z) 


where B(x, £1, &, £3) is the curvature form based on the abstract 
Christoffel symbol &, £) and{ 


R(x, £2) [B(x, *, £2) ] R(x, £2) ], 
R(x) = [G(x, R(x, *))], = [7] 1,2. 


{ [és, g(x, £1) g(x, Jés} 


+ Michal [12]. 
t Michal [11, 12]. 
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BICONTINUOUS LINEAR TRANSFORMATIONS IN 
CERTAIN VECTOR SPACES* 


E. R. LORCH 


A bounded linear transformation T of a vector space % into itself 
will be called bicontinuous if the inverse of T (defined, of course, over 
the entire space) exists and is continuous. The group of bicontinuous 
transformations is dominant in any study of equivalence of transfor- 
mations; that is, in the determination of the conditions implying 
relations of the type B=T7-'!AT. The results of this paper constitute 
an analysis of the structure of bicontinuous transformations in cer- 
tain spaces. Previous results of the authorf indicate that the analysis 
here given is of a nature which will be useful in the equivalence prob- 
lem, not only for transformations A which have a simple spectrum 
but also in more general situations. 

First the notion of a basis in a normal linear vector space Sf is 
considered. A sequence of vectors {dn}, ¢, e B, is customarily said 
to form a basis for 8 (necessarily separable) if for every f e S there ex- 
ists a unique sequence of numbers {a,} such that f=) This 
definition is open to two objections: It involves the notion of order 
of the elements of the basis; and for that reason it does not permit 
of immediate extension to nonseparable spaces. A new definition of 
basis is given below which is free of these objections. Proceeding in 
what is apparently another direction, the notion of complete ortho- 
normal set in Hilbert space (these sets form bases) may be extended 
to spaces %. Thus after modifying suitably the idea of orthogonality 
and normality, one obtains a “heterdgonal set.” It is proved below 
that the concepts of heterogonal set and of basis are equivalent. 

In the second part, we deal exclusively with complex euclidean 
spaces €;|| briefly, these spaces are either unitary spaces, Hilbert 
spaces, or nonseparable spaces of the Hilbert space type. The prin- 
cipal result is that if {¢.} and {y.} are bases (or heterogonal sets) 
in ©, then there exists a bicontinuous transformation T such that 
T¢2=Wa. Since the T transform of a basis is a basis (see below), the 


* Presented to the Society, September 6, 1938, under the title Bicontinuous linear 
transformations in complex euclidean spaces. 

¢ On a calculus of operators in reflexive vector spaces, Transactions of this Society, 
vol. 45 (1939), pp. 217-234. 

t S. Banach, Théorie des Opérations Linéaires, p. 53. 

§ J. Schauder, Mathematische Zeitschrift, vol. 26 (1927), pp. 47-65. 

|| Lawig, Acta Litterarum ac Scientiarum, Szeged, vol. 7 (1934), pp. 1-33. 


564 


BICONTINUOUS LINEAR TRANSFORMATIONS 565 


characterization of bicontinuous transformations from this angle is 
complete. 


1. Bases and heterogonal sets in 8. We first introduce a definition. 


DEFINITION 1. A set of elements {6.; ae M} with d. 2B will be 
said to be a basis in B if 

(i) K-'<||¢.|| <.K, for some number K, for all ae M; 

(ii) To every f eB, there is associated a unique set of numbers 
{aa; a © M}. The association is such that ag=0 except for at most 
a denumerable set of ae M and f=) aem@aha, the convergence to the 
element f being independent of the order of summation. 


A set of vectors {Wai aeM } is said to be an independent set if 
D1¢a%a;=0 implies a.,=0, i=1,---, . The set is said to span 
% if the elements lie dense in B. A set ae M} with 
Ya=0 or 1 will be called a set of selectors. Clearly, {(1 —.);a2 M} 
is then also a set of selectors. A subset of {Wai ae M} (to which the 
element 02% may have been added) may be indicated by 
ae M}. 

A projection P in % is a bounded linear transformation such that 
P?=P. With such a transformation are associated two closed linear 
manifolds It and MN having the properties P=I (the identity) on M; 
P=0 on %; every element f e B is uniquely expressible in the form 
f=gth, geM, heMN. A converse statement may be made. Let 
{Ya aeM } be a set of selectors, let I? be the closed linear mani- 
fold spanned by {7YaWa; ae M}, let MN be that spanned by 
{(1—Ya)Pa3 M}. If for every f the equation f=g+h with 
ge M, h e N has a unique solution, then J and MN determine a pro- 
jection in the sense indicated above. All projections subsequently 
treated are of this type. 


DEFINITION 2. A set {~2; ae M} with YaeB will be said to be a 
heterogonal set in B if 

(i) K-s|ly.|| <K, for some K, for allae M; 

(ii) For every set of selectors \Ya; ae M } the manifolds M and N 
spanned by ae M } and {(1—Ya)Wa; M}, respectively, gen- 
erate a projection. 


The projections just mentioned will be called the projections of the 
heterogonal set. If P,, P2 are projections of the set, then P:P2=P2P; 
is also a projection of the set. If P;P2=0, then P,+P? is a projection 
of the set. It is clear from (ii) above, that the Y. span % and that 
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implies a.,=0, t=1,---, m. The projections of (ii) 
are studied in the lemma which follows. 


Lemma. The projections of a heterogonal set {Wa: ae M} in B are 
uniformly bounded. 


The contrary is assumed. Then J is an infinite set. It will be 
shown that there exist projections P; and closed linear manifolds §;, 
t=1,2,---, the $; spanned by certain finite subsets of {Wai ae M}, 
such that $;-$;=0, 7+j,* M;¢B;, and such that the bound of P; 
on $; exceeds 1K, where K >0 is arbitrary. Let IU be the closed linear 
manifold spanned by the manifolds Mt;,7=1, 2,---. Let P be that 
projection of the heterogonal set whose range is Jt. Then P=P; on 
$.; hence | P| >iK, i=1, 2, - - - . This is the desired contradiction. 

It remains to indicate how the P;, 2%; are determined. Let P/ be 
any projection such that | P/ | >K. Let || P/ fl] >K\|fl|; let Ni, Yas) Gays 
4=1,---,.N,, be so chosen (by Definition 2 (ii)) that if g=> 
\|f—g|| is small; thus || P/ g|| >K||g||. The manifold is the manifold 
spanned by {y.,}, <N;. Let Pg, be the projection of the heterog- 
onal set whose range is f,. Then P, is defined by P,=Pg,- Pi. Let 
AM, be the set ./ minus the elements ai, - - - , ay,. Let ©; be the mani- 
fold spanned by {Wa; ae 4,}. Now it may be seen that, as a con- 
sequence of the assumption introducing the proof, there exists a 
projection P/ whose bound over QO, exceeds 2K. This results from 
the equation Pf=P-Pg,f+P(f—Pg,,f) valid for any projection P of 
the heterogonal set. We may, as above, find an integer N2>M,, ele- 
ments Wa,, Ni<na<Ne2, such that if PB. designates the manifold 
spanned by MN, <n<N2}, the bound of P? on exceeds 2K. 
The projection P2 is then defined by Pe=Pg,-P2 where Pg, is the 
projection of the heterogonal set whose range is P2. The construction 
of P;, Bi, 1>2, is now simple. 

We are now in a position to prove the following theorem. 


TueoreoM A. A set of vectors {¢.;a¢ M} is a basis in B if and only 
if it is a heterogonal set in B. 


It will be asssumed that the set {¢.; ae M} is a basis. Let 
{Ya; ae MW} be a given set of selectors. Let fe 8, f=)... yaa. 
Since this series converges unconditionally, f any subseries converges. 
Thus 


* That is, 2; and [; have only the element 0 in common for 4 7. 

t W. Orlicz, Studia Mathematica, vol. 1 (1929), pp. 241-255. A series is said to 
converge unconditionally if the property of convergence is independent of the order 
of summation. 


1939] BICONTINUOUS LINEAR TRANSFORMATIONS 567 


aeM aeM 
It will be shown that the representation f=g+h is unique. This will 
be accomplished if it is shown that if Mis the manifold spanned by 
{yaba; ae M} and M, then b.=0 in case ya=0. A 
sequence {ba,} is chosen in such a way as to permit writing 


bed N 
4 bida;, k = YaliPa;; l bida; YaliPa; = dida;; 
1 1 1 1 


with |!/|| small at will by suitable choice of n, N,c;. If ya;=0, :¥0, 
then d;=b;. Now there exists a constant L such that 


Thus Ya;=0 implies b;=0. 

It is now assumed that {¢.;a 1/} is a heterogonal set. Let a be a 
fixed element in 1/; let P, be that projection of the heterogonal set 
whose range is spanned by ¢.. The numbers a, required in Definition 
1 are defined by Pf =aada. Since {¢.; ae I} spans %, for an e>0, 
elements $,, and numbers b,; can be found,i=1, - - - , N(e), such that 


N 
f baba; <e. 
1 i 


This implies the existence of a denumerable set 1f’¢ \f such that 
{¢a;a M’} spans a manifold containing f. If a ¢ I’, then P.f =0. 
Thus all but at most a denumerable number of the “coordinates” 
Gq are zero. Let {a;}, 4=1, 2,---, be any ordering of Jf’. It will 
be shown that 
n 

lim >, = 0. 

1 
Write P,=)>0iP.,; for e>0, numbers b;, i=1,---, N, may be 
found such that 


N 1] 
biba; <€. 
1 


Choose L >0 by the Lemma such that | P,| <Z. Then for n= N, 


N ! N 
bbe) = || Paf — > 
1 it ti 1 
Thus 


* S. Banach, loc. cit., p. 111. The proof may be altered to meet our requirements. 
p 
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Toward proving the unique representation of f, assume 


f= Dd debe = 


aeM aeM 


Then 0=) u(@a—Ca)ba; instead of w(@a—Ca)ba, Write 
Thus for e>0, n>, <e, and fori<n, 


| > dibs.) = 
1 


lA 


Le 


and d;=0. 


fe 


2. Bicontinuous transformations in ©. From now on, the space 
under consideration is a complex euclidean space ©. In such a space 
it is always possible to find a complete orthonormal set {¢2; a # M} 
which is a basis for €; f « © implies 


aeM aeM 


THEOREM B. Let {ga; ae M} bea basis in a complex euclidean space 
©. The set of vectors {Wa;ae M} is a basis in © if and only if there exists 
a bicontinuous transformation T such that Toa=a,ae M. 


The existence of T is assumed. Let 


K-' s 


= 


¢a| SK, ae M; gs, 


Then $||T¢,|| < KS. If fe &, 


f=T(Tf) = r( = ¥ a.(T¢.) 


aeM aeM 


gives the expansion of f in terms of the ¥Ya=T¢.q. It can readily be 
seen that ae M} isa basis in &. 

It is now assumed that {~.; ae MW} is a basis in ©. We may and 
shall assume that {¢.; a 1} is a complete orthonormal set. Let 
L>0 be the uniform bound of the projections of the heterogonal set 
{Ya; ae M} (the Lemma and Theorem A). Using the identity 


[If + ell? + [lf — all? = + 


= 
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with f and g arbitrary in ©, which characterizes ©,* one obtains for 
arbitrary Wo,, Ga;, 7=1,---, m, 


2 


+ daa, | | 


| aa,|? 2" 
1 


(1) 
= $ 2°K* 


where ),’ is a sum extended over all possible sign distributions. This 
shows that for some particular sign distribution 6;= +1, 


1 — 6; 
2 


lA 


> | 


Now 
1+ 6; 
2 


1 1 
and each of the last two vectors is a projection of }-75i¢ea,;- Thus 


\| n 1] n 1/2 
1 1 


| 


da Wa; 5; 
1 


This implies that the transformation which carries }~1¢e,a, into 
>i4eWa; is continuous. The closed linear extension of this transfor- 
mation will be called T. 

The inequality (1) indicates that for some sign distribution 6/ = +1, 


1 


il 


and since 
1 1 1 


this gives 


| il 


lA 


This implies that the transformation T has a bounded inverse. 


BARNARD COLLEGE, COLUMBIA UNIVERSITY 


* Jordan and von Neumann, Annals of Mathematics, (2), vol. 36 (1935), pp. 719- 
723. 
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ON THE VALUES ASSUMED BY POLYNOMIALS* 
HOWARD LEVI 


The equation 


fle + f(x) 


(1) k 


where f(x) is an integral function and k is an independent complex 
variable, defines h as a many valued function of x and k. The branches 
of this function h(x, k) possess a simple property when f(x) is a poly- 
nomial; and conversely, when the branches of h(x, k) have the prop- 
erty, f(x) must be a polynomial. It is the object of this paper to 
exhibit the property, prove that it is characteristic for polynomials, 
and extend the results to polynomials of several variables. 


i. Polynomials in one variable. For a polynomial 
f(%) = + ayx" + Gazi, a #0,n> 1, 
equation (1) becomes 
hn+ [(m+ 1)x + + --- — = 0, 


and the x branches h;(x, k) of the function h(x, k) satisfy the equation 


k) = — (n+ 1)x — 


For n=1 we readily find that h= —2x—a,/a9+k/ao. Hence we have 
n 
— = — (n+ 1), 
Ox 1 


as a property of polynomials of degree »+1. For »=0 no function 4 
is defined by (1). 


THEOREM I. Let f(x) be an integral function. If there exist n functions 
h(x, k), --- ,hn(x, k) analytic, distinct, and nonzero on a region in the x 
plane and a region in the k plane, and which on these regions are such 
that 

fla + hx, k)) — f(x) 
h(x, k) 


a=1,---,n, 


and 


* Presented to the Society, February 26, 1938, under the title A characterization 
of the values assumed by polynomials. 
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(2) 
Ox 4 


then f(x) ts a polynomial of degree n+-1. 
The functions h,; of our hypothesis satisfy 
= — + + (— + (— 


In order to prove the theorem we establish relations between the ele- 
mentary symmetric functions P; and their partial derivatives. Every 
function h; satisfies the equation 


f'(%) — k oh 
(1 h ak 


We may derive this by differentiating both members of (1) with re- 
spect to x, obtaining 
oh oh 
Ox Ox 
and with respect to k obtaining 
= ht 
«+h)—= —- 
Ok 


Since h#¥0, 0h/0k#0, and we may solve this last equation for 
f'(x+h); and the substitution of the value thus obtained into the 
preceding equation yields (4). We shall make use of the fact that 
0h/dk#0 later in the proof. From (4) we see that 


and since by hypothesis }-10h;/0x = —(n+1), this reduces to 


I 


We now proceed to deduce a second equation connecting the P’s 
and their partial derivatives; namely, 


OP 41 
Ox 


i=1,2,---,#—1. 


1 1 
P, k—f'(x) 
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To accomplish this observe that 
OP 


x 


ah; 
+ (n — i)P; 
i x 


where § denotes the sum of the terms arising by choosing the 7 indices 
of the h-factors in all possible ways among the numbers 1, 2, --- , m, 
and then letting 7 run through the remaining »—i numbers. The 
right-hand side of this equation can be written in the form 


n ah; i ah; 
j=1 Ox j=1 Ox 


With the aid of (2) and (4) the expression now becomes 


$1 Ob; 


oP; 
Ok 


= Pit (k- 


Hence II follows at once. 
It will be convenient to change the notation, replacing 1 by —1. 
Then 
OP, 


(k — f'(x)) 


II* 


From I it follows that 
P, = $(x)(k — f’(x)) 


where ¢(x) is analytic in the given domain of the x-plane and does not 
vanish there. Observe that P,#0 since no h;(x, k) vanishes, and, 
since the left-hand side of I is analytic in the given domain, k —f’(x) 
cannot vanish there 
We proceed to show that P,_; is a polynomial in k, at most of de- 
gree i+1, with coefficients which are analytic functions of x in the 
given domain, or else that P,_; vanishes identically. We use the 
method of mathematical induction. First, we know that P, is linear 
in k. Next, observe that from II* it follows that 
OP n-i+1 1 


ak (k—f(a))*! ax (k— 


Assume the statement true for P,, Pa,---+, Pni+i. Then the 


= 
—_ 
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right-hand side of this last equation can be represented by partial 
fractions 
A ize Az 


G@—paye 


where the A; are functions of x analytic in the given domain. The 
fraction whose denominator is k—f’(x) is absent, because the degree 
of the numerator, 0P,_:;:/0x is at most 7. Hence on integrating we 
have 


A Ae + ¥(2) 
(k — f'(z))™ (i+ 1)(k — f’(x))* k — f'(x) 


This completes the proof. 
If we substitute (f(x+h) —f(x))/h for k in (3), and multiply both 
members by h, we have an equation of the form 


(5) + =0, ptqtrsntti. 


This equation is of positive degree in f(x+h). For, if it were of degree 
zero, h would depend on x alone and 0h/d0k=0. We have seen above 
that 0h/0k+0. Thus, for constant x, f(x+h) coincides with a branch 
of an algebraic function of x +h; and since f is integral, the algebraic 
function is a polynomial, and so is f. 

There remains only to show that f is a polynomial of degree »+1. 
Since (1) defines m distinct, nonzero elements A; for f, the degree of f 
is not less than »+1. In addition, we readily see the degree of f cannot 
exceed »+1. In fact, if we substitute the Taylor expansion of f(x+h) 
in (5), the resulting polynomial in h must be identically zero, and this 
can happen only if the degree of f(x+/) in h does not exceed n+1. 


2. Polynomials in N variables. The above characterization of 
polynomials of a single variable finds its analogue for polynomials of 
several variables as follows: The equation (1) is replaced by 
(1’) + kyh, + keh, + kyh) — flu, xn) 

h 


with ki,---+, Ry, independent complex variables. If we 

denote by D the operator k,0/0x,+20/Ox2+ --- +knd/Oxn, we may 

assert that if f(x1,---, xv) is a polynomial in x, ---, xy, of total 

degree »+1, then there exist 2 analytic, distinct, nonzero elements 
h(x, XN; ky, ky; k) 


which satisfy (1’) and are such that 
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(2') DY = — (n +1). 


1 


This fact is readily established if we expand f(x: +k,h, - - - , xv+kwh) 
by Taylor’s theorem, obtaining 


+ kih,--- , + kwh) 


hi 
+++ , + hDf + f 
Thus (1’) may be written 
Df (n+ 1)! 

Dif 


and since D*t?f=0, 


Dy k= D(- (n +1) - - — 1)- 


THEOREM II. Let f(x, - - - , x) be an integral function. If there exist 
n functions h;(x1,---, xn; hi, kw; k), analytic, distinct, and non- 
zero on region in , kn; k) space and which on this 


set are such that they satisfy (1') and 
DY = — (n+ 1), 
1 


then f is a polynomial of total degree n+-1. 


The proof of Theorem II is identical with the proof of Theorem I, 
where the counterpart of equation (4) is 
(Df — k) ah 


and those of I and II are, respectively, 
1 OP, 1 


P, dk Df —k 


I’ 


oP 


To establish (4’) from (1’) we operate on both members with D, get- 
ting 


~ 
| | 
| 
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Df+kDh=Df(x,+k,h, +, xv-+kwh) 


oh 
Ox 


i 


kih 


dx; + 
Differentiating both members of (1’) with respect to k, we have 
: (xi + kik + 
ok 


and eliminating the term in the bracket yields equation (4’). 

Since the operator D behaves for its variables like the operator 
d/dx for a single variable, all the reasoning of the previous section 
can, from this point on, be used verbatim, proving Theorem II. 
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ON THE SIMULTANEOUS APPROXIMATION OF A 
FUNCTION AND ITS DERIVATIVES 
BY SUMS OF BIRKHOFF TYPE* 


W. H. McEWEN 
1. Introduction. Let 
(1) L(u) + ru = u™ + + t+ ru = 0, 
W = 0, j =1,2,---,m, 


be a given linear differential system of the mth order subject to the 
following hypotheses: 

(i) the functions P2, - - - , P, are continuous and have continuous 
derivatives of all orders on (0, 1); 

(ii) the boundary conditions, consisting of m linearly independent 
linear equations involving u“)(0), u“(1), (e=0, 1,---, —1), are 
regular;f 

(iii) X=0 is not a characteristic value, so that the system L(u) =0, 
W,(u) =0 is incompatible. 

Under hypotheses (i), (ii), it is well known that (1) possesses an 
infinite sequence of characteristic values {r} (arranged in order of 
increasing moduli) and a corresponding sequence of characteristic 
solutions {x;(x)}. Moreover, the values \; are also the poles of the 
Green's function G(x, y; \) associated with (1), and these poles are, 
in general, simple when |,| is large.t Furthermore, the system 
L’(v)+dv=0, W} (v) =0, which is adjoint to (1), has the same char- 
acteristic values as (1), and a corresponding sequence of characteris- 
tic solutions {v,(x)}. 

For a given function f(x), the Birkhoff series associated with (1) 
is defined by 


= 
Siu y)oi(y)dy 


provided the poles of G(x, y; \) are simple. In the case of multiple 
poles \., the corresponding terms in (2) are to be replaced by the 
terms / f(y)Ra(x, y)dy, where R.(x, y) is the residue of G at \=)a. 


* Presented to the Society, December 30, 1937. 

+ For a definition of this term see G. D. Birkhoff, Transactions of this Society, 
vol. 9 (1908), pp. 373-395; p. 382. 

t This is always so in the case when 7 is odd, or when 7 is even and the system is 
self-adjoint. When n is even and the system is not self-adjoint, there may be an 
infinite number of double poles. 


(2) u;(x), 
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The partial sums of this series will be denoted hereafter by By(x). 
On the other hand, any arbitrary linear combination of the form 


N 
Sx(x) = 

i=1 
will be called “an arbitrary Birkhoff sum” or “a sum of Birkhoff 
type.” 

In this paper we propose to consider the possibility of approximat- 

ing simultaneously a given function f(x) and its first m derivatives by 
sums of Birkhoff type, in the form 


| — (2)| ex, 
uniformly on (0, 1), fork=0,1, - - - , m, with limy.ey =0. The results 
obtained will then be used to derive certain theorems relating to the 
corresponding approximations when the sums By(x) themselves are 
used. In this latter connection, we should mention the results given by 
Stone* relative to the derived series of Birkhoff, which, however, are 
different from those developed here. 


2. Approximations using Sy(x), when m=n—1. Let 


on(x) = > ayu;(x) 


i=1 


be an arbitrary Birkhoff sum of the Nth order, and consider the sum 


Sx(x) = ui(x). 
i=1 
Since u; satisfies (1) when \=),, it follows that 
N 
L(Sx) = L(u;) = = on, 
N 
W (Sy) = > = 0, j=1,2,---,m. 


That is, Sy satisfies the system L(y) W;(y) = 
But this system, in view of hypothesis (iii), has a unique solution, 
and hence, if G(x, £) is the Green’s function associated with L(y) =0, 
W;(y) =0 (not to be confused with ae ;A)), we can write 


* M. H. Stone, Transactions of this Society, vol. 28 (1926), pp. 695-761; pp. 740— 
761. 
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for k=0,1,---,2—1. The functions 0'G/dx* in this expression exist 
and are known to be uniformly bounded on 0 Sx, £1 for all values 
of k in question. 

In regard to the function f(x), let us assume that it satisfies the 1 
auxiliary equations W,(f)=0, (j=1, 2,---, ). This assumption is 
necessary if the errors of approximation in question are to converge 
to zero uniformly on (0, 1).* With this understanding, the function 
f(x) is the unique solution of the nonhomogeneous system L(y) = L(f), 
W =0, and hence 


1 
(4) -f Lif): Gls, k=0,1,---,n—1. 
0 ox* 


The functions 0*G/dx* being uniformly bounded on 0 <x, for 
all values of k concerned, in the form | A&G/ax*| <G, it follows , from 


(3) and (4), that 
a*G | 
f (L(f) — ox) — dé} 


| 


if so | 


(5) 


TAN 


0 
1 
cf | L(f) — ox! dé, 
0 


for k=0,1,---,m-—1. 

From (5) it is clear that the errors | f —Sy| converge to zero 
uniformly on (0, 1), for R=0, 1,---, m—1, provided the sums oy 
converge in the mean (with index 1) to the function L(f). But the 
general theory of convergence in the mean tells us that such sums ox 
do exist, provided L(f) is integrable on (0, 1). For, in that case, it is 
possible to define an absolutely continuous function @¢ to satisfy 
| L(f) dx where €>0 is arbitrary.t The function ¢ belongs to 
the Lebesgue class LZ», and hence there must exist sums oy which 
converge in the mean to @ with index 2,{ and, therefore, also with 
index 1 by virtue of Schwarz’s inequality. These facts, together with 
the inequality 


* If the equations I¥’;(f)=0 are not satisfied, it can be shown that the sums 
S? converge to f®—Wi(f)GP(x)— --- —W,(f)G*(x) rather than to where 
G,(x) is the solution of =0, 1V;(y) =0, (#2), Wi(y) =1. 

7 See, for example, E. C. Titchmarsh, The Theory of Functions, Oxford, 1932, p. 
376. 

¢ As sums oy we may choose the partial sums of the Birkhoff series for L(f). These 
sums converge in the mean (with index 2) under the same hypotheses as will insure 
convergence in the mean of the Fourier series. This fact follows as an immediate 
consequence of Theorem XIII of Stone’s paper, loc. cit., p: 723, and Minkowski’s 
identity. 
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1 1 1 
f [Li - f ax + f | — on| dx, 
0 0 0 


prove the truth of the assertion. The condition that L(f) be integrable 
is equivalent, of course, to the requirement that f(x) and its first »—1 
derivatives be continuous and f‘”(x) be integrable. Thus we have 
proved the following result. 


THEOREM A. Jf f(x) satisfies the auxiliary equations W;(f)=0, 
(j=1,2,---,m), and L(f) is integrable, then for every «>0 there exists 
a sum Sx(x) of Birkhoff type such that | f(x) — SH (x)| <e uniformly 
on (0, 1) fork=0,1,---,n—1. 


3. The general case, when m= pn—1. We shall next show how the 
results of §2 may be extended to the case m=2n—1. It will then be 
obvious that the results may be extended to the general case m= 
pn —1, where is any positive integer. 

Let ox be defined as in §1, and let Sy(x) be redefined by the equa- 
tion 

N 


a; 


uj(x). 


Also let ry denote the sum 
a; 
1,(x). 
(— dd 


Then, since L(ry) =oy and L(Sy) =ry, it is clear that 


(k) 


1 o* (k) 1 o* 
0 0 


fork=0,1,---,-—1. 
In regard to the function f(x), we must now assume that it satisfies 
the 2n auxiliary conditions 


(7) 
Then, letting F(x) denote the function L(f), we can write 


1 ak a* 
Fu) -{ L(F);— G(x, -f F(§) G(x, §)d§. 
0 Ox* 0 


From these results and (6), it follows that 
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(k) 


(k) 
0 


(9) cf L(F) — ox| dé. 


On putting k=0 in (9) and substituting the result in (8), we get 
1 
| L(F) — oy | dt, k= 0,1,---,n—1. 
0 


Again, from the identity 


(n) (n—2) (n—2), 


(11) — Sy =F —ty) — Pol — — Pal f Sy), 
we obtain, with the help of (9) and (10), 


(n) 


1 
0 


Likewise, after differentiating successively in (11), we can show that 
the errors | — | | — are similarly 
bounded. Since F=L(f), it will be convenient to denote L(F) by 
L?(f). Hence, what we have proved may be restated as follows: 


(k) 


1 
0 


for k=0,1,---,2n—1. 
In the general case, when m = pn —1, we define Sy(x) by the equa- 
tion 


Sy(x) = uj(x). 


We must now assume that f(x) satisfies the pn auxiliary conditions 
(12) W,(f) =0, W(L(f/)) =0, j=1,2,---,m. 
Then it may be shown that 


(k) 


1 
(13) s Kf onl a 
0 


uniformly on (0, 1) for k=0,1,---, pn—1. 
Thus we can state the following generalization of Theorem A. 


1939] APPROXIMATION OF A FUNCTION AND DERIVATIVES 581 


THEOREM 1. Jf f(x) satisfies the pn auxiliary equations (12) and 
L»(f) is integrable, then for every €>O there exists a sum Sx(x) of Birk- 
hoff type such that |f®(x)—Sy (x)| <e uniformly on (0, 1) for 
k=0,1,---, pn—1. 

4. Approximations using By(x). In this section we shall deal only 
with the case when m =n—1, although the results obtained hold gen- 
erally when m=pn—1. 

Let on be identified with the partial sum of the Birkhoff series for 
L(f). Then, if \; is a simple pole of G(x, y;), 


From Green's identity and the fact that W;(f) =0, (7=1, 2,---,), 
we have 


lay = 0. 


But 2; satisfies the adjoint system when A= ‘Ai, so that L’(v;) +A; =0, 
and hence v:L(f)dy= (v;)dy = That is, 


a; vidy 
(— 


which means that —a;/\; is a coefficient of the partial sum of the 
Birkhoff series for f(x). 

On the other hand, if \; is a multiple pole of G(x, y; A), the corre- 
sponding terms a,u; in oy must be replaced by if L(f)Ri(x, y)dy, where 
R;(x, y) is the residue at \=\,;. But from the know n properties of the 
residue, we can easily infer that 


f y)dy/(— = f fRAx, y)dy. 


It follows, then, that if Sy(x) is defined by 


N 


t=1 


Ww ith the understanding that the terms —a,u;/A; are to be replaced by 
Sy L(f)Ri(x, y)dy/(—2,) in the case of multiple poles, the sum Sy(x) 
is identical with By(x), the partial sum of the Birkhoff series for f(x). 

The discussion given in §2, with appropriate modifications for the case 


Sy(x) = 


u(x), 


= 


582 W. H. McEWEN 


of multiple poles, will then apply to By(x) to show that the errors 
| —Bx®| converge to zero uniformly on (0, 1) for k=0, 1,---, 
n—1, provided the partial sums of the Birkhoff series for L(f) con- 
verge in the mean (with index 1) to L(f) as N=. But, as we have 
already noted in the third footnote on p. 578, this latter convergence 
is assured if L(f) is integrable. 

There is no difficulty in extending these results to the case 
m = pn—1. Hence we can state our next theorem. 


THEOREM 2. If f(x) satisfies the pn auxiliary equations (12) and 
L?(f) ts integrable, then the partial sums of the Birkhoff series for f(x) 
are such that limy..By (x)=f(x) uniformly on (0, 1), for 
k=0,1,---,pn—1. 


The inequalities (13) enable us to write 


— Kmax L(f) — ox| 
uniformly on (0, 1), for R=0, 1,---, pn—1. But f°” —Syle 
can be expressed by an identity analogous to (11), in the form 
=(L?(f)—ox)+ ---, in which the terms on the right 
are all uniformly bounded by constant multiples of max | L?(f) —ox|. 
Hence, there must exist a constant K such that 


(14) [f° — sy | K max | — on | 


uniformly on (0, 1), for k=0, 1,---, pn. This inequality, with the 
help of Milne’s results relating to the degree of approximation of the 
Birkhoff series,* enables us to state the following theorem. 


THEOREM 3. If f(x) satisfies the pn equations (12) and L*(f) and 
its first q—1 derivatives vanish at 0 and 1, its qth derivative being con- 
tinuous and of limited variation on (0, 1), then the partial sums of the 
Birkhoff series for f(x) are such that | f® —By® | <K/N® uniformly on 
(0, 1), for k=0, 1,---, pn, where K is a constant independent of N. 


Movtnt ALLIson UNIVERSITY 


* W. E. Milne, Transactions of this Society, vol. 19 (1918), pp. 143-156, The- 
orem I. 
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ON THE COMPUTATION OF THE SECOND DIFFERENCES 
OF THE Si(x), Ei(x), AND Ci(x) FUNCTIONS* 


A. N. LOWAN 
In the course of the computation of the functions{ 


owe 
(1) Si(x) d ( 1)" (2k + 1)(2k + 1)! 


2k 


(2) da = + —log. ( (x) + 1)! 


2k- (2k)! 
z xk 
(3) Ei(x) = loge (x4 + 
k=1 k- k! 


it was felt advisable to precompute the second differences for the 
above functions. These second differences are of use in the Everett 
interpolation formula and may also be used as a check of the accuracy 
of the computed value. The object of this paper is to describe the 
method which was developed for the independent evaluation of the 
above second differences. 

Let $(x) stand for any of the three functions under consideration. 
Consider the expression 


R(x) = [6(x + + 6(x — h) — 26(x)] 
4 h 


where the first expression in brackets is the second difference to be 
evaluated. 
Substituting for ¢(x+h), d(x—h), o’(x+h), and $’(x—h) their 


Taylor =e we get 


(5) R(x) = 


1 
— x) , 


whence 


* Presented to the Society, October 29, 1938. 

1 This work is done by the New York City Works Progress Administration Proj- 
ect on the Computation of Mathematical Tables, under the sponsorship of Dr. 
Lyman J. Briggs, Director of the National Bureau of Standards. The author wishes 
to express his appreciation to the W.P.A. and to the Sponsor of this Project for per- 
mission to publish these results. 
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(6) | R(x) | | + o°2*)(x) |, 


k=3 
and a fortiori 
2k 
(6) | R(2)| <= = (x)}, 


where, in general, the expression {¢@(x) } is an upper bound of the 
modulus of the 2kth derivative of (x). We shall have a similar in- 
equality for each one of the functions under consideration. 

We proceed to obtain upper bounds for ¢°* (x). 


Case of the function Ei(x). In this case 


/ez 
(7) Ei(x) = (=). 
dx?* dx?*-1\ x 


Since 1/x =f, e-*‘dt for x >0, we can write e#/x =f, e*-dt, and there- 


fore 
aa (= “)-- (t¢ — 1)?4“e-7'dt 


=— (¢ — 1)?4-le-2"dt — e* ove 
0 


1 


(8) 


Consider the first integral of (7). Since for x >0 and ¢>0 we have 
e-*‘ <1, it follows that 


1 1 
(9) f (t — <f (¢ — 1)?*"'dt = — 
0 0 


Consider now the second integral of (7). If we make the substitu- 
tion :—1=7, we get 


e-=(2k — 1)! 
(10) f (t — = of = 
1 0 


In view of (9) and (10), (8) yields 


2k 


Thus, for the function Ei(x), (6’) becomes 


LN 
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The three functions under consideration are being computed in the 
range 0<x<2, at intervals h=10~, by adding an appropriate num- 
ber of terms in the expansions (1), (2), and (3), each term being com- 
puted to 12 decimals, and rounding the sum to nine places of decimals. 

From (12) it can be easily shown that for x>0.1, and h=10~, the 
sum of the terms beyond the first is of an order of magnitude not ex- 
ceeding 10-'* and can therefore not affect the twelfth place of Ei(x). 
Thus (6’) may be written 


| R(x)| < or | R(x)! <5 xX 10-*. 
x 


We therefore reach the conclusion that the second difference of the 
function Ei(x) must agree in its 12 places of decimals with the value of 


ezth 
2 xth 


Case of the function Si(x). In this case we have 


/sin x 
(13) Si(x) = —(="). 
x 


x 


sin x 1 
= cos xitdt, 
x 0 


the preceding equation yields 


Since 


2k 1 
(14) | Si(x) <f 2*-1| sin xt! dt, 
or 
| a?* | 1 1 

i 
(14) | Sila) | < = 
Thus, in the case of the Si(x) function, the inequality (6’) becomes 

(15) R(x <2 — . 
(2k)! 


For h = 10~* the second member of (15) is of the order of 10-7. We 
therefore reach the conclusion that, for the entire range of x under 
consideration, the second difference of the function Si(x) must agree 
in its twelve decimal places with the values of 


586 A. N. LOWAN [August 


h [= (x+h) sin(x—-— 
2 xth x—h 


Case of the function Ci(x). In this case we have 


a?* d?*-1 /cosx 
(16) Ci(x) = ( ). 


dx2* dx?*-} x 


Since 


cos x 
-{ -f sin xtdt, 
dx 0 


we ultimately get 


| 


1 
(17) Ci(x) | +f = 
i 0 0 


dx?* 


2k 


Thus, in the case of the Ci(x) function, the inequality (6’) becomes 


as QE] 


x 


As in the case of the Ei(x) function (and for similar reasons), we 
reach the concludion that for x>0.1 and h=10-4, the second differ- 
ence of the function Ci(x) must agree in its first 12 places of decimals 
with the values of 


hfcos(x+h) cos(x— h) 
2 | xt+th x—h | 

It is conceivable that if the second differences of the functions un- 
der consideration are computed for arguments separated by some 
suitable interval H, the second differences for some intermediate ar- 
guments will be obtainable by linear interpolation to a high degree 
of accuracy. 

Let A2x(x) designate the second difference of any of the functions 
under consideration and E(x) the error in the value obtained by linear 
interpolation between the arguments x and x +h. Then 


(19) E(x + pH) = (1 — + + H) — + pH), 


where 0<p<1. 


E 
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Replacing the 2nd and 3rd terms by their Taylor expansions, we 
get 


H? H? 
E(x + pH) = (b PAE (2) + — + 


(20) H 

But 

= o(% — h) + (x + h) — 26(x) 
(21) hs 
= + h = 10. 

Substituting (21) in (20), we get 

H*h? H*h? 

E(x + pH) = — += 


If we substitute for (b—#*) the maximum value }, and replace 
(p—p*), (b—f*),--- by their upper bound 1, we get 


10-*H2 


1 


(22) | E(x + pH)| < {p(x)} 
If we assume the condition | E(x+pH)| <10-1!!/2, and arbitrarily set 
H=10~*, the above inequality will yield lower limits of the argu- 
ment x, above which the second differences may be computed at in- 
tervals of 10-?, the second differences for intermediate arguments 
being obtained by linear interpolation accurately to within 10-"/2. 
Thus, in the case of the function Ei(x), the evaluation of the second 
member of (22) leads to the conclusion that if x>0.7, then 
| E(x+pH)| <3X10-1*. It thus suffices to compute the second 
differences at intervals of 0.0100, in the manner described in the 
first part of this paper. 

Similarly, if we put H=10-?/2, the evaluation of the second mem- 
ber of (22) leads to the result that if x>0.5, then | E(x+pH)| 
<3 

Thus, in the interval 0.5 <x <0.7, it suffices to compute the second 
differences at intervals of 0.0050. 

Entirely similar results are obtained in the case of the Ci(x) func- 
tion. Finally, in the case of the Si(x) function, we reach the conclusion 
that over the entire range of the argument x, it suffices to compute 
the second differences at intervals 0.0100. 
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The method here described is based on the suggestions made by 
Mr. Frederick King. These suggestions have led to the evaluation of 
R(x) as a starting point of the subsequent discussion. 


New York City 


ALL INTEGERS EXCEPT 23 AND 239 ARE SUMS 
OF EIGHT CUBES 


L. E. DICKSON 


Summary. In 1770 Waring stated that every positive integer is a 
sum of nine integral nonnegative cubes. The first proof is due to 
Wieferich.* I shall prove the following new result. 


THEOREM. Every positive integer other than 23 and 239 is a sum of 
eight integral nonnegative cubes. 


Five lemmas are required. 


LEMMA 1. Every integer greater than or equal to 233° D is a sum of 
eight cubes if D=14.0029682, or more generally if D=d, wheret 


24\3 
d < 14.1. 
167 


The algebraic part of Wieferich’s proof holds for all integers ex- 
ceeding 2} billion. The fact that all smaller integers are sums of nine 
cubes was proved by use of Table I. To prove my theorem, I shall 
need also the new Tables II and III. 

Table I gives, for each positive integer N < 40,000, the least number 
m such that JN is a sum of m cubes. 

It was computed by R. D. von Sterneckf{ by adding all cubes to 


* His errors are avoided in the much simpler proof by the writer, Transactions of 
this Society, vol. 30 (1928), pp. 1-18. On page 16 is proved a generalization of Lan- 
dau’s result that all sufficiently large numbers are sums of eight cubes. 

T The proof is essentially like that given for d=14.1 by W. S. Baer, Beitrége zum 
Waringschen Problem, Dissertation, Géttingen, 1913. 

t Sitzungsberichte der Akademie der Wissenschaften, Vienna, IIa, vol. 112 
(1903), pp. 1627-1666. 
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each sum of j, but not fewer, cubes for 7 =1, 2, - - - . Any error in the 
jth step would introduce an increasingly large number of errors in the 
later steps. For this reason, my assistant, Miss Evelyn Garbe, com- 
puted in four weeks the table* for 12,000< N < 40,000 by my improved 
method described later. The only error found is 


32,822 = 3% + 33 + 323, 


whose m was given to be 4 by von Sterneck. The latter stated that his 
table agrees completely with the table for N £12,000 computed by 
Dahse and published by Jacobi.f 

Table II is a continuation to 123,000 of Table I. 

Tables I and II imply the following fact. 


LEMMA 2. All integers from 8,043 to 123,000 are sums of six cubes. 


Table III isa list of all integers from 123,000 to 560,000 which are 
sums C, of four or fewer positive cubes. 

The entries not found twice were computed independently, and 
likewise for the auxiliary list of C;. Allowing for permutations of the 
cubes in a sum of them, when making a table of sums of r+1 cubes, 
we need add a fixed cube c* only to a sum of r cubes which is not less 
than rc’. When finding the C,>400,000 we saved much time by add- 
ing to the C; no cubes greater than 64,000, but found separately the 
C, which are sums of cubes all greater than 64,000 (without new com- 
putation for necessary C2 and C3). 

The entries in Table III which are greater than or equal to 
C=400,000 and less than D=401,000, for example, appear on a 
double sheet. To deduce rapidly a provisional list L’ of C; between 
C and D, we compiled the entries of that double sheet, the same 
entries increased by unity, and the entries of the double sheet for the 
interval from C—(10%)* to D—(10k)? for k=1, 2,---, so that such 
an entry increased by (10%)? is a C;. From each number missing from 
the list L’ we subtracted successive cubes to see if the difference is 
in Table III. In this manner we obtain the following list L of all 
integers between A and B which are not sums of five or fewer cubes. 
Note that 125,564, 131,423, and 259,682 are the only entries E such 
that E—1 is also an entry. Since E—8 and N—1, when N#E, are 
not in L, we conclude that every number in L is a Cy. 


* But without checking that no number marked m=6 is a sum of 5 cubes (it cer- 
tainly is not a sum of four or fewer cubes). Such a decision is unnecessary for the ap- 
plications in this paper. 

¢ Journal fiir die reine und angewandte Mathematik, vol. 42 (1851), pp. 41-69; 
Werke, vol. 6, pp. 322-354. 
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LEMMA 3. All integers from 123,000 to 560,000 are sums of six cubes. 


List* L or ALL INTEGERS BETWEEN 123,000 anv 560,000 
Wuicu ARE Sums oF Six, BuT Not FEwer, CuBEs 


123097 136012 146435 162860 188149 224537 274451 
159 707 


268 237 767 958 284044 
305 54 147110 163300 626 225598 288005 
619 137219 406 165091 708 291074 
124232 37 865 380 977 226202 293431 
249 254 956 407 189094 227371 702 
294 309 148073 569 5 875 891 
547 317 388 919 190274 230017 295691 
591 561 892 166171 337 231844 296023 
98 4 149774 190 409 232052 297860 
125015 138236 150278 199 454 235058 298372 
1 287 478 191623 237263 301190 
393 415 566 541 902 388 303125 
563 551 836 69 192281 239963 311467 
564 740 88 167243 193172 241286 315220 
717 857 151105 559 322879 
126401 9. 31 685 242167 324301 
626 139342 447 168268 765 328172 
896 477 583 982 492 361 
127489 140054 4 467 194863 244318 330466 
551 071 153193 809 196898 751 331231 
949 179 863 198778 245137 335668 
270 310 169493 199804 365153 
128020 459 154886 170086 200074 849 368798 
840 142070 155740 357 202801 246181 370534 
975 105 156217 861 204503 249457 374306 
129721 348 244 171967 205574 252895 377258 
367 371 172373 816 253138 387356 
130982 375 406 173372 916 156 393809 
131044 844 443 174074 924 507 414391 
063 889 623 175145 206897 254534 482 
422 143113 722 604 207590 255155 432598 
423 40 830 684 208598 236 434642 
927 887 157649 721 751 6 445478 
132242 144004 158575 177350 913 259205 453479 
133061 346 159376 178204 209183 222 460031 
133142 436 881 682 210326 259681 473189 
348 589 934 180301 211063 2 480155 
807 751 160249 364 212171 260563 487156 
943 779 610 182606 306 815 500162 
134041 95 771 732 215518 261203 508748 
150 145156 844 858 770 529555 
222 934 893 216949 262777 536081 
771 436 161473 184145 219245 264659 541327 
135392 607 933 721 739 267475 391 
580 759 162229 186331 220127 818 542714 
824 146083 419 187429 910 271894 548203 
895 200 598 717 224473 273983 


* This short table is remarkable in that it gives the essential data about sums of 
cubes for a range of about 440,000 numbers. By its use alone it is shown that all in- 
tegers from 123,000 to 21,000,000 are sums of six cubes. 

To extend Lemma 3 beyond B=560,000, note that when 44° is 
added to the numbers from 474,816 to B, we get the numbers from 
B to F=645,184, which will be proved to be Cs. This is evidently true 
when 44? is added to a number not in L, since it is a C;. Hence we 


~ 
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need only add 44° to the last ten numbers N of L. Theoretically we 
subtract 45% from each sum. Actually we subtract 45*—44?=5,941 
from those ten numbers N, and note that the differences are not in L 
and hence are C;. Thus N+44? = 453+ C; is a Cg. 

Next we added 69* to the numbers from G=316,675 to B to get 
the numbers from F to 888,509, which are all Cs. In fact, if we sub- 
tract 70*?— 69% = 14,491 from the last 32 numbers of L (that is, those 
greater than G), no difference is in L. 

After 102 more such simple steps we find, by use of List L alone, 
that all integers from B to B+-273* = 20,906,417 are sums of six cubes. 

For the next step, 335,668 +274 — 275? = 109,617 is below the limit 
for List L, but is a Cs by Table II. 

The first case of new type is 


278% + 500,162 = 279% + 267,475 = 280? + 33,114, 
where 267,475 is in L; but 33,114 is a C;. The next such case is 
2843 + 393,809 = 285 + 150,988 = 2837+ H, H = 634,926. 


But 77 —43*=555,419 is a Cy by Table III. Continuing, and combin- 
ing the result with Lemmas 2 and 3, we obtain the next lemma. 


Lema 4. All integers from 8,043 to J =41,623,625 are sums of six 
cubes. 


LEMMA 5. Given a positive integer S and a number B satisfying 
OSBSS, we can find* an integer i=0 such that 


BsS—#< B+ 


Take B=8,043 and choose S so that S=8,043, B-+3.S?/2<J, which 
holds if log S<10.7132020. By Lemma 4, S—7* is a Cs, whence S is a 
C3. 

By Table I, 454 is the last integer less than 8,043 which requires 
eight cubes. Hence all integers from 455 to the preceding S are Cz. 
In Lemma 5 with S replaced by s, take B=455 and B+3s?*=S. 
Then s—7is a C;, so that Sis a Cs, if log S=15.3541210, S=22.60065 
X10'4, Since S>233°D, the present result together with Lemma 1 
shows that every integer not less than 455 is a Cs. Below 455, Table I 
shows that 23 and 239 are the only integers which require nine cubes. 
This proves our theorem. The manuscript of Tables II and III has 
been given to the library of the University of Chicago. 

THE UNIVERSITY OF CHICAGO 


* Transactions of this Society, vol. 30 (1928), p. 4, case ¢=1. 


A SUFFICIENT CONDITION FOR CESARO 
SUMMABILITY* 


H. L. GARABEDIAN 


1. Introduction. The principal object of this paper is to establish 
the following theorem. 


THEOREM. The series )-,-(—1)"a, is exactly summablet (C, k), 
(k=1,2,3,---), tothe value > provided that 


(1) Atay = 0, 0, 


The convergence of the series - A"ao/2"*! implies that the given 
series is summable (E, 1).{ Moreover, it is known that summability 
(E, 1) is consistent with summability (C, k). However, neither 
method of summability includes the other. Thus, we may write a 
corollary to the stated theorem. 


Coro.iary. The class of series )-,-9(—1)"an for which condition (1) 
is fulfilled is summable by both the (E, 1) and the (C, k) methods of sum- 
mation. 


2. Lemmas. The proof of the theorem involves the following lem- 
mas. 


Lema 1. If C,., denotes the ordinary binomial coefficient, then 
= — 0, 1, 2,--+ 5s. 
The simplicity of the proof of this lemma justifies its omission. 


LEMMA 2. The expression for the ith difference of a product uv in 
terms of differences of u alone and v alone is given by the formula§ 


(2) A‘u,r, = + Cy Atty s1A* 


This formula is clearly the analogue of Leibnitz’ formula for the ith 


* Presented to the Society, December 29, 1938. 

+ A series is said to be exactly summable (C, k) provided that it is summable 
(C, k) but is not summable (C, k—1). 

t This symbol denotes Euler summability of order one. The Euler transformation 
has been studied at considerable length particularly by E. Jacobsthal, Mathematische 
Zeitschrift, vol. 6 (1920), pp. 100-117, and K. Knopp, Mathematische Zeitschrift, 
vol. 6 (1920), pp. 118-123; vol. 15 (1922), pp. 226-253. 

§ G. Wallenberg and A. Guldberg, Theorie der Linearen Differenzengleichungen, 
p. 34. 
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derivative of a product. 


LemMa 3. If 


i=j 
then 


Qitl 


In order to prove this result we use the binomial expansion 


n+k+1 
i=0 
Divide this equation by 7!x**! and then differentiate j times with re- 
spect to x. Asa result of the differentiation a block of j terms vanishes 
on the right-hand side. We have then 


1 (1 2x) 1 k (— 2) i 
nt+k+1 
t=j+k+1 
or 
t=0 


n 


i=j 


Now, multiply the last equation by (—1)**/+! 2-@+# and evaluate 
for x=1. We obtain 


(— 1)*+#1 (1 2x) 
j | 


.k 
j+1 
(5) (= (= | 


n 
+ (— 1)? 727%. 


From equations (3) and (5) we have 


n 
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(1 2x) "tet! 


= 2 
Dj | 
ykti-i me 


Of the terms in the expansion of the first expression in the right- 
hand member of (6) we shall retain only the term of highest order in 
explicit form. Since the greatest value of 7 is k—1, the remaining 
terms are O(n*-*). In the second expression of the right-hand member 
of (6) we shall again preserve in explicit form only the term of highest 
order. Regardless of the value of 7 the terms which remain are O(n*—'), 
Accordingly, we obtain the formula (4). 


3. Proof of the theorem. The kth Cesaro mean for the series )-;-), 


is given by 


n 
i=0 


We wish to prove that if the condition (1) of the theorem obtains, 
then 


k-1 A"a 
0 
lim = >> 
n=0 
where b, = (—1)*a,. 
We have, using Lemma 1, 
n n n 
Si) = Cr+ = — 2, + Cn 
i=0 i=0 i=0 


n n—1 


i=0 i=—1 
Then 


n—1 


i=0 


since C;.,.41=0. Employing this technique on (7) we obtain 


Si) = Cap + — 


i=0 


After such operations on the original expression for S,“ we get 
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(8) = (— ‘bo. 
i=0 
Formula (2) of Lemma 2 now enables us to express (8) in terms of 


differences of ao. Thus, 


i=0 


A‘bo 


(— 1)*-1C;, = (— 1)*C;, 
j=0 


i=0 
Then, we may write 
(9) S,® = > (— 1)#C;, 
i=0 j=0 
Interchanging the order of summation in (9) we have 
j=0 i=j 


and, recalling the definition (3), we have 


(10) S,{*) => T Ata. 

j=0 
Applying the condition (1) of the theorem we may write (10) in the 
form 


k-1 
j=0 
From formula (4) of Lemma 3 we obtain Tj} =Cysi4i1,,/2?t! 
+0O(n*-'). Then, (11) becomes S, = 
whence 
S,*) n+k+1! Alay 


= = 


joo 


+ O(1/n). 


Thus, we obtain our main result: 


A‘ao 
lim = — 
j=0 


In order to complete the proof of our theorem it remains to prove 
that lim,..¢,#- does not exist. We have S,-) =) YA 
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Using Lemma 3 we have 


k-1 (— 1) k-1 
j=0 j=0 
(— 
Then 
= lim = lim (— 1) 
n— ne k—1,k-1 2* jn 


This limit fails to exist. Consequently, under the hypotheses of our 
theorem, the series }>*_)(—1)"a, is not summable (C, k—1). 
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A GENERAL CONTINUED FRACTION EXPANSION* 
WALTER LEIGHTON AND W. T. SCOTT 


Introduction. Considerable attention has been given at various 
times by many writers to the function-theoretic character of con- 
tinued fractions of the form 

1.+ 1 + 
Only a very restricted class of power series, the “seminormal” ones, 
admit an expansion into a continued fraction of this type (cf. Perron 
[3, p. 301]). For example, the power series expansion about the origin 
of the function 1+. fails to be seminormal. In §1 of this paper we 
show that every power series admits an expansion into a continued 
fraction of a form which is a generalization of that above. Many of 
the older theorems have immediate generalizations. These are pre- 
sented without proof when the demonstration parallels that for the 
seminormal case. 

In §2 we discuss the question of gaps in seminormal power series. 
In §3 an important special case is considered. 


1. Expansions in continued fractions. Let 

* Presented to the Society, September 6, 1938. 


(1.1) 1+ 
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be a continued fraction, terminating or not, in which the a; are com- 
plex nonzero constants, x is a complex variable, and the a; are posi- 
tive integers.* The nth approximant A,(x)/B,(x) is defined by means 
of the usual recurrence relations 


Ao = I. Bo ies 1, 
Ai = 1 + B,= 1 


n=2,3,---. 


(1.2) 


ll 


The continued fraction (1.1) is said to converge for all values of x for 
which lim,.. [A.(x)/B,(x) | exists, and when convergent this limit is 
assigned as its value. The difference of two consecutive approximants 
of (1.1) is given by the formula (Perron [3, p. 16]) 


A,(x) An_-1(x) (— 


B,_1(x) By (x) 


(1.3) 


where 


Sn =a + an. 


By equation (1.3) the Taylor development of the rational function 
A,n-1(x)/B,zx(x) about the origin agrees with the development 
of A,(x)/B,(x) up to but not including the term in x. Hence if 
(1.1) is nonterminating, (1.1) through (1.3) determines uniquely a 
corresponding power series 


(1.4) 1+ + cox? + 


If (1.1) terminates, it is either the constant unity or has the form 
In the latter case, the corresponding power series is defined to be the 
Taylor development of A,(x)/B,(x) about the origin. One observes 
that such a development exists since A,(x) and B,(x) are polyno- 
mials with the value unity at the origin and do not vanish simultane- 
ously. This last fact is obtained from (1.3), which may be written in 
the form 
A,(x)Bn-1(x) — An-i(x)B,(x) = (— 1)" - - - 


n=2,3,°--. 


(1.3’) 


* Pringsheim seems to be the only writer who refers to tke possibility of introduc- 
ing integers a;=1 instead of a;=1 (Pringsheim [4, p. 936]). He limits his discussion, 
however, to the seminormal case. 


- 
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Thus, corresponding to any continued fraction (1.1) there always ex- 
ists a power series of the form (1.4). 


Conversely, let po(x) be any power series of the form (1.4). Define 
a sequence of power series {p,(x)} by the relations 


(1.5) Pn+i(x) /( n(x) 1), 0, 1, 2, 


where the a, are positive integers chosen together with the complex 
constants a, in such a way that if p,(x) ¥1, p24:(0) =1. If no p,(x)=1, 
this process yields an infinite sequence of power series po(x), p:(x), 
po(x),---. If some p,(x)=1, the process terminates and yields a 
finite set of power series po(x), pi(x),---, pa(x). It will be shown 
later that a necessary and sufficient condition that some p,(x) =1 is 
that po(x) represent a rational function near the origin. The rela- 
tions (1.5) clearly determine uniquely a sequence of complex con- 
stants dz, -- - and asequence of positive integers a1, a2, -- - . The 
continued fraction (1.1) formed with these a; and a; is said to corre- 
spond to (1.4). Hence, corresponding to every power series (1.4) there 
exists a uniquely determined continued fraction of the form (1.1). 

The following result shows that the correspondence between power 
series and continued fractions is a reciprocal property. 


THEOREM 1.1. If the continued fraction (1.1) corresponds to the 
power series (1.4), the power series (1.4) corresponds to the continued 
fraction (1.1), and conversely. 


Let po(x), the power series (1.4), be given, and let (1.1) be the cor- 
responding continued fraction. It is readily established by induction 
that 


A + n_2(x) 


(1.6) (x) = ; 
po) pa(x) + 


where A_,;(x) =1, B_,(x) =0, and p,(x) is defined by (1.5). To prove 
the first part of the theorem it will be sufficient to show that o(x) 
agrees with the Taylor development of A,(x)/B,(x) about the origin 
up to but not including the term in x***!. To this end one observes 
that, by (1.6) and (1.3), 


pel) A,(x) (— 1)"ayde- 

x)— = 


The proof of the first part of the theorem is complete. 
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Conversely, let the continued fraction (1.1) be given, and let f(x), 
given by (1.4), be the corresponding power series. Let F be the con- 
tinued fraction corresponding to po(x). By the first half of the theo- 
rem, Po(x) corresponds to F. It follows at once that (1.1) and F are 
identical since po(x) determines uniquely its corresponding continued 
fraction. The proof of the theorem is complete. 

We have seen that if the continued fraction terminates, the corre- 
sponding power series represents a rational function, by definition. 
Conversely, let o(x) be a power series (1.4) which represents a ra- 
tional function near the origin. We shall show that the corresponding 
continued fraction terminates. The case po(x) =1 is trivial. Suppose 
po(x) #1 and that the rational function it represents has the form 


1+ + eox? +--- + 
1+ gixt gex?+--- + 


where at least one of the nonnegative integers r and k is greater than 
or equal to 1. One sees that ;(x) is of the form 


1 + giz + gox* + --- + 
1+ hex? hnx™ 


where 0Sm<r. If now :(x) =1, the continued fraction terminates 
Otherwise, form 


po(x) = 


pi(x) = 


1+ + egx? 
1+ gix + + 
It is easy to see that r’ =m <r and k’ <k. Since all p,(0) =1, it follows 


readily from a repetition of this process that for some integer 1, 
p,(x) =1. The following theorem is therefore proved. 


p2(x) = 


THEOREM 1.2. A necessary and sufficient condition that a power se- 
ries (1.4) represent a rational function near the origin 1s that its corre- 
sponding continued fraction terminate. 


The following theorems can now be proved in a manner precisely 
analogous to that of Perron [3, p. 303 ff.] for seminormal continued 
fractions; hence the proofs are omitted. 

THEOREM 1.3. Two finite or infinite continued fractions 

by x1 box82 


have the same corresponding power series if and only if a;=b; and 
a;=8Bi, 25 ). 


i+ 
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THEOREM 1.4. The terminating continued fractions 


a,x! a,x™ by bm 


represent the same rational function of x, tf and only if m=n, a,=b,, 
a:=B;, 2. , 2). 


This last theorem is a direct consequence of Theorem 1.3. The fol- 
lowing theorem can be proved by means of the Weierstrass double se- 
ries theorem. The proof will be omitted since it follows very closely 
the proof given by Perron [3, p. 342] in the semi-normal case. 


THEOREM 1.5. If the nonterminating continued fraction (1.1) con- 
verges uniformly in a closed region T containing the origin in its in- 
terior, tt represents a regular analytic nonrational function of x 
throughout the interior of T. Further, the corresponding power series 
converges to the same function in and on the boundary of the largest 
circle which can be drawn with its center at the origin, lying wholly 
within T. 


It is clear that any function analytic in a neighborhood of the origin 
will have a formal expansion into a continued fraction (1.1). Ex- 
amples show that the expansion does not always converge to the 
function in some neighborhood of the origin (Perron [3, p. 354]). 
On the other hand, convergent continued fractions of the form (1.1) 
may exist corresponding to power series with radius of convergence 
zero, and these afford a valuable means of summing such series (cf. 
Knopp [2, p. 554]; Borel [1, p. 55 ff.]). 

If the power series po(x) converges uniformly in some region con- 
taining the origin, we shall designate by f(x) the analytic function to 
which it converges. We proceed with the following result. 


THEOREM 1.6. A necessary and sufficient condition that the continued 
fraction (1.1) converge uniformly to fo(x) in an open region T containing 
the origin is that the approximants A,(x)/B,(x) be uniformly bounded 
in T for n sufficiently large. 


The proof of the necessity of the condition of the theorem is im- 
mediate. 
Let* |x| <R bea circular region in T, and set 


fn(x) = A,(x)/Bn(x) = Cno +- Cut + + 


* The following method of proof was kindly suggested by the referee. It is dis- 
tinctly less labored than the original proof constructed by the authors. 
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Since |f,(x)| <M in |x|<R, we have by Cauchy’s inequality 
| cax| S$ MR-*. Further, by a well known formula (Perron [3, p. 17]), 


(1.8) fu —fr= B.B, ’ m>n, 


where B,, is the denominator of the vth approximant of the con- 
tinued fraction Since B,,(0) =B,(0) =B,,(0) 
=1, it follows that 
+ +--+, t = Sn4iy 
where | g,| <2MR-*. Hence 
| fm — fn] S 2M[(r/R)* + 4+--- J, 


It follows that lim,... f,(x) exists uniformly in | x| <r, and by an 
application of Theorem 1.5 and the theorem of Stieltjes-Vitali (Titch- 
marsh [5, p. 168]) that 


lim fa(x) = fo(x) 
throughout T. The proof of the theorem is complete. 
We note the following result. 


THEOREM 1.7. Two infinite subsequences of approximants of (1.1) 
which converge uniformly in a region T containing the origin converge to 
the same analytic function in T. 


Let { fn,(x) } and { fu,(x)} be two subsequences of approximants of 
(1.1) which converge uniformly in T. Then 


tim foy(2) = lim = 


in T, where $(x) and ¢;(x) are analytic in T. By (1.8) 
| — | = lim | fa,(2) — | 


= lim 
Bm,() Bn, (2) 
where px is the larger and », the smaller of m and m,. Let |x| <R be 
any circle in T. In the circle K: | x| <r<R, making use of an argu- 
ment used in the proof of the preceding theorem, we have 


| o(x) — | = lim 2M[(r/R)' + (r/R) 4+ ---] = 0, 


in K and hence in T. The proof is complete. 


602 WALTER LEIGHTON AND W. T. SCOTT [August 


2. Seminormal power series. A power series 


(2.1) 1+ 
i=1 
is called seminormal if all of the determinants 
on = ’ i, 2, 3, ’ 
Cn Cn+1 Cn42 °° * Con-1 
(2.2) 
eg 
vn = n= 2,3,4,---, 
Cn Cn+1 °° * Con-1 


are different from zero. The corresponding continued fraction then 
takes the form (Perron [3, p. 304]) 


a2Xx 
where 
(2.4) go = 1, y= 1, a; = $1, 


It is clear from (2.2) that (2.1) can fail to be seminormal if it has 
a single sufficiently large gap in its coefficients. For example, the gap 
in the coefficients of a power series whose first two terms are 1+kx", 
(k#0), is too large to permit seminormality if »=2, 3,---. The 
power series 


i=l 
where ki <ke<k3< --- and the k; are positive integers, is said to 
have Hadamard gaps, if for infinitely many indices 7 
(2.5) Rist > (1 + 


where @ is positive and fixed. 
We come to the rather surprising result: 


A seminormal power series may have Hadamard gaps. 


) 
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This result will be established by exhibiting an example. 
Consider the power series 


(2.6) 1+ > cx”, 
i=0 
where @i~0, (1=0, 1, 2,---). In order to show that the power 


series (2.6) is semi-normal, it must be shown that the determi- 
nants (2.2) are all different from zero. The elements c, where k¥2?, 
(«=0,1,2,--- ), are all zero. 

If »=2', both determinants are essentially diagonal determinants 
and 


(2.7) poi + poi [cos], 1 = 


Neither of these determinants is zero. 

If 7=2'+7 where j is an integer such that 0<j<2?', the largest 
index of any q appearing in @, is 2‘*1+2j7—1, where we observe that 
2414-27 =24?—-1, Thus ci+1 appears in the last 27 
rows and the last 27 columns of ¢,. Also, no nonzero elements other 
than ci+1 appear in the last 7 rows or the last 7 columns. @¢, is now ex- 
panded by Laplace’s method in terms of the 2j7-rowed minors in the 
last 27 columns, together with their complementary minors. The 
value of the minor formed from the last 2j rows is (—1)*[c2it1]#, and 
its complementary minor is ¢2i_;. Any other 2j-rowed minor which 
is not zero must have at least one nonzero element in each row and in 
each column; hence at least one of the last j rows of ¢, is not used in 
such a minor. Then the complementary minor must have at least one 
row whose elements are all.zero. Finally, 


(2.8) on = (— i = 1,2,--- =1,2,---, 28-1. 


A similar expansion of y, by (27—1)-rowed minors in the last 
(27-1) columns gives 


(2.9 
) i=1,2,---;j =1,2,--- 


Since all of the coefficients cei are different from zero, it follows that 
all of the ¢- and y-determinants are different from zero, and the 
power series (2.6) is seminormal. 

It is easily seen that the power series has Hadamard gaps since 
2*+1>(1+6)2‘ for any positive value of 

The power series (2.6) is in a sense a limiting form for seminormal 
power series. In fact, no seminormal power series has more zero co- 
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efficients, with indices not exceeding a given positive integer, than 
has the power series (2.6). This is a consequence of the following 
theorem. 


THEOREM 2.1. A necessary condition that the power series 
co + 
t=0 


where Cn,~0, (t=0, 1, 2, - - - ), be seminormal is that 
No = Ne < S 


It has already been noted that the power series is not seminormal 
if mo >1. If 2:41 >2n;, it is seen from (2.2) that at least one of the ¢- 
and y~-determinants is zero, and the power series cannot be semi- 
normal in this case. The proof is complete. 

We now develop the continued fraction (2.3) corresponding to the 
power series (2.6). On applying (2.4), (2.7), (2.8), and (2.9) we find 
that the numbers a; are given by the following formulas: 


49; = 49541 = 
(2.10) 
= — / ]?, = / ]?, 


#=1,2,---. 
These recurrence formulas together with the initial values 
(2.11) de = — a3 = 


completely determine the coefficients of the continued fraction. 
It is not difficult to show that 


(2.12) den = — enti, sm 


But condition (2.12) is precisely a necessary and sufficient condition 
that the corresponding seminormal power series of the continued 
fraction have no odd powers of x except the first power (Perron [3, 
p. 336]). 

If the coefficients of the power series (2.6) are all equal to c¥0, the 
coefficients of the corresponding continued fraction are all 1 and —1, 
except the first which is c. 


3. An important special case. In this section we discuss, as an 
example, continued fractions (1.1) subject to the condition that the 
series ).;”,| a;x%| converge in an open circle T containing the origin. 
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THEOREM 3.1. If the series Dax converges absolutely throughout 
an open region T containing the origin, the continued fraction (1.1) con- 
verges to a function regular in T except possibly for poles. This function 
is regular near the origin. 


Using a method strictly analogous to one of von Koch (Perron 
[3, p. 345]) one can show that in any circle | x| <r lying wholly 
within T 

lim B,(x) = B(x), lim A,(x) = A(x) 
uniformly in | x| <r. Hence A(x) and B(x) are regular in T. One then 
shows, following Maillet (Perron [3, p. 346]), that A(x) and B(x) 
have no common zeros in T. The proof may thus be completed. 
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TOPOLOGICAL PROOFS OF UNIQUENESS THEOREMS 
IN THE THEORY OF DIFFERENTIAL AND 
INTEGRAL EQUATIONS; 


ERICH ROTHE 


It is known that, for a certain class of representations, the notion 
of the degree (Abbildungsgrad) can be transferred into Banach spaces 
and is useful for proving existence theorems for boundary value prob- 
lems and integral equations.{ The same holds for the related notion 
of the order of a point with respect to the image of a sphere (Rothe 
[5]). It is the aim of the present paper to apply these notions to the 
proof of some uniqueness theorems. § 

Section 1 contains some uniqueness theorems for equations in 
Banach space. In §2, application is made to a certain system of non- 
linear integral equations for which the existence proof was given in 


[5]. 


1. Uniqueness theorems in abstract spaces. Let E be a Banach 
space, || and let |{z|| denote the norm of an element (point) r¢ E. Let r 
be a positive number, S the sphere |||] =r, and V the “full” sphere 
<r. If then f(r) =r+(x) denotes a “representation with com- 
pletely continuous translation,” {/ we denote for any full sphere V* ¢ V 
and its boundary S* the degreeff in the point yo ¢ E, {ff with respect 
to the representation of V* given by f, by y(f, V*, 90), and likewise 
the order (see [5, §2]) of yo with respect to the image of S* by 
u(f, S*, yo). If r=Xo is an isolated solution of the equation f(r) =Yo, 
then the number ¥(f, v, Yo) is the same for all full spheres v with center 
Yo which contain no other solution.§§ This number is called the index 


7 Presented to the Society, November 26, 1937. 

t Leray-Schauder [4]. The numbers in brackets refers to the list at the end of 
this paper. 

§ Considerations closely related ts those of the present paper (especially of §1) 
are to be found in [3, pp. 250, 258], cf. also the second footnote on page 610 of the 
present paper. Uniqueness proofs based on other topological ideas were given by 
R. Caccioppoli (see, for instance, Caccioppoli, Sugli elementi uniti delle trasformazioni 
funzionali, Rendiconti del Seminario Matematico, Padova, vol. 3 (1932), pp. 1-15) 
and G. Scorza Dragoni (see, for instance, Dragoni, Sui sistemt di equazioni integrali 
non lineari, Rendiconti dei Seminario Matematico, Padova, vol. 7 (1936), pp. 1-35). 
|| For the definition of Banach space see [1, p. 53]. 

{ That is, the “translation” §(r) is unique and continuous, and the set of all 
points %(r) (with r C V) is compact. 

tt See [4, part I, §5]. 

tt Vo is supposed not to lie on f(S*). 

§§ See [4, part II, §8]. 
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of the solution xo and will be denoted by j(f, ro), or simply by (ro). 


Lemma 1. For0<t<1 let r=r0(t) be a continuous curve in the interior 
of V; for each t there is supposed to exist a full sphere v with center ro(t), 
lying in the interior of V, and possessing this property: {(t:) ¥f(t2) for 
any pair of different points t1, t2 Lying in v. Then, the index j(f, r(t)) 
is independent of t. 


ProoF. Let ¢* be a fixed ¢ value, p the radius of v* =v, and w* the 
concentric full sphere with radius p/2. On account of the Heine-Borel 
theorem, it will be sufficient to prove that if 6>0 is chosen so that 


(1.1) <8 


implies yo(¢) in the interior of w*, then (1.1) implies also 7(ro(¢)) 
=j(ro(t*)). To prove this, let ¢** be a fixed ¢ value satisfying (1.1), 
and w** the full sphere with center r** = 19(¢**) and radius p/2 so that 


(1.2) r* = co*. 


Finally, let wi* be a full sphere having r* as a center and lying in the 
intersection of w* and w**. Writing y* for f(r*), we see from (1.2) that 
in w** (and in wi*) r= x* is the only solution of the equation f(r) =y*. 
Therefore, by the definition of the index and by well known proper- 
ties of the degree,f it follows that, in obvious notation, 


(1.3) j(t*) = v(f, w*, = v(f, w™, 
We consider now the segment g defined by 
u(r) = + — 0<7<1. 


This segment connects the points r* and r**, is contained in the in- 
terior of w**, and therefore, according to (1.2), is also in v*. Hence it 
follows from the hypothesis concerning v* that, if r varies continu- 
ously along g from r* to r**, f(r) is different from the image of the 
boundary of w**. Therefore, y(f, w**, f(r(7))) is defined and independ- 
ent of 7, and we have 


v(f, w**, f(x*)) = v(f, w*™*, = 
Hence, from (1.3), j(z**) =j(z*), which was to be proved. 


THEOREM 1. Let jo be a point of E which is different from the image 
of S. Using the previous notations, we make the following assumptions: 

(a) u(S, f, Yo) =+1. 

(b) If the points xr’, r’’ of V are solutions of the equation f(t) =\o, 
they can be connected by a curve with the properties described in Lemma 1. 


t See [4, part I, §1; and part I, §7]. 


= 
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Then the equation f(t) =o has one and only one solution in V; the 
index of this solution ts +1. 


Proor. That there is at least one solution in V, follows immedi- 
ately from (a). As, on the other hand, all solutions are isolated, the 
number a of different solutions must be finite.{ As the sum of the 
indices equals the order§ and as, in accordance with Lemma 1, all 
indices have the same value j, it follows that j= +1, which proves 
our theorem. 


LEMMA 2. Let I,(r) be a representation with completely continuous 
translation for each value t in the closed interval [0, 1]. We make the 
following assumptions: if ).=1.(0), the solution r=0 of the equation 
I(r) =y, ts uniformly isolated, that is, there exists a full sphere v with 
center 0 and a radius independent of t so that v contains no other solu- 
tion than t= 0; moreover, I(x) 1s continuous in t, uniformly with respect 
to all cv. Then the index j(\:, 0) ts independent of t. 


ProoF. Let s be the boundary of v, and é* a fixed t-value. Let e de- 
note the positive distance between ),- and I[,-(s), and 6 a positive num- 
ber so that 


(1.4) f(x) — < €/2, rcv, 
for 
(1.5) <5. 


On account of the Heine-Borel theorem, it will be sufficient to show 
that for such ¢ 


(1.6) 0) = The, 0). 


To prove this, we notice that for all ry ¢ s and for ¢ satisfying (1.5) the 
inequality 


(1.7) — vel] |] — el] — — > €/2 = €/2 
holds because of (1.4) and the definition of e. Therefore 


(1.8) v, Yer) vk, v, Yer), | < 6. 


On the other hand, (1.4) shows that y, is contained in the interior 
of the full sphere with center ),- and radius €/2, while, according to 
(1.7), I,(s) lies in the exterior of this sphere for all ¢ satisfying (1.5). 


t [5, §2, Theorem 3]. 
t This follows easily from the fact that §(r) is completely continuous. 


§ See [5, §3]. 


| 
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Therefore 
(1 .8’) v, er) v, 


As, by definition of the index, j([, 0) = v, De), 0) (Is, 2, 
(1.6) follows from (1.8) and (1.8’). 

Before formulating the next lemma, it is convenient to give some 
definitions concerning “differentials” 


DEFINITION. The representation f(t) with completely continuous 
translation 1s said to be differentiable in the point to when there exists 
a representation 1(3)=1(3, Xo) with the following properties: 

(a) 2(3) =1(3) —3 is lineart and completely continuous. 

(b) —f(o) —1(@— 20, &)||/||¢ —zol] =0. 


The differential [ is said to be nonsingular if the equation [(3, ro) = 0 
has only the solution 3= op. It is said to be continuous if it is continu- 
ous in Yo, uniformly for all 3 of a bounded set. 


Lemna 3. If f(r) possesses the nonsingular differential 1(3, Xo) in the 
point t =X lying in the interior of V, then the solution ¢ of the equation 
f(x) =f(£o) ts tsolated, and 
(1.9) Lo) = F(UG, Lo), 0). § 


Proor. Let S be the sphere ||z—zo|| =p: where the positive number 
pi is so small that Sc V. Since [ is nonsingular, I(r—fo, £0) is different 
from o for x ¢ S; hence it follows|| that for a certain positive number d 

|| — ro, r0)|| > for ||r — ='pi- 


From this follows on account of the linearity of I for any r¥ 1 


p — roll 


1 


Let now pz be such a positive constant that for 0<||r—xo|| <p2 the in- 
equality 
f(x) — f(to) — Ur — 


llz — roll pi 


holds. This, together with (1.10), implies 


t As to differentials in function spaces, see [2]. 

t For the definition of linear transformations see, for instance, [1]. 

§ This is known. Cf. [4, part II, §10]. For the sake of completeness, we give a 
complete proof. 

|| See, for instance, [5, §1, 6]. 
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(1.11) — — U(x — x0, < — x0, z0)|| 
so that 


— = || — x0, x0)|| — — — — x0)|| > 0 
for 0 < ||r — rol] S po. 


From this it follows that the full sphere v with center yo and radius pe» 
contains no solution of f(r) =f(zo) except ro. Hence, ro is isolated and 
we have, moreover, 


Lo) = u(F(r), s, 


(1.12) 
— Lo, Lo), Yo) = — Lo, Yo), 5, f(ro)) 


where, as usual, s denotes the boundary of v and u the order. But a 
theorem proved in a previous paper* shows that (1.11) implies 


u(f(x), s, f(ro)) = — Lo, Lo), f(Lo)), 


so that the equality 7(f(r), ro) =7({(x—2o, Lo), Xo) follows from (1.12). 
This proves (1.9) as it is easily seen that j([(3, 0), 0) =7(1(x — Xo, Yo), Yo). 


4. be a continuous curve in the interior 
of V. In each point of this curve, f(r) 1s supposed to possess a nonsingu- 
lar continuous differential (3, to(t)). We say that the index j(f, to(t)) 
(which exists according to Lemma 3) is independent of t.t 


Proor. Upon putting 1[,(3) =1€3, ro(¢)), it is seen from Lemma 3, 
equation (1.9) that it is sufficient to prove the independence of 
j(:(3), 0) from ¢. This again follows from Lemma 2 since, by the as- 
sumptions made about I;, the hypotheses of this lemma are fulfilled. 


THEOREM 2. In our usual notation,t{ let yo be a point of E not lying 
on the image of S. We make the following assumptions: 

(a) u(f, S, 90) = +1. 

(b) If the points r' and r"’ of V are solutions of the equation f(r) = Yo, 
they can be connected by a curve with the properties described in Lemma 4. 

Then the equation {(r)= 0 has one and only one solution in V; the 
index of this solution is +1. 


Proor. The proof of this theorem is obtained from the proof given 
for Theorem 1 by substituting the words “Lemma 4” for the words 
“Lemma 1.” 


* See [5, §2, Theorem 2a ]. 
+ Cf. [3, p. 250] where (without proof and explicit statement of the hypotheses) 
this independence of ¢ is used. 
¢~ Compare the beginning of this section. 
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2. Application to integral equations. Let s, ¢ denote points of an 
m-dimensional domain B. We consider the following system of non- 
linear integral equations for the unknown functions u(t), u(t), ---, 


un(t): 
(2.1) ui(s) + f fils, t, u(t), u(t), --- , un(t))dt = O, 
B 


The assumptions concerning the functions f; are the following: 
(a) They are defined for 


tcB, >| us| < R, 


j=l 


where R is a positive number. 


(b) For each system of continuous functions u(t), - - - , un(#), sat- 
isfying 
(2.2) > max | ;(t) | = 
j=1 


the integrals (2.1) exist. 

(c) Moreover, these integrals are uniformly bounded and equi- 
continuous for the set of all systems of continuous functions 
wi(t),---, uUn(t) satisfying (2.2). 

(d) There exist “dominant” functions F;(s, t, - - - , Un) with the 
following properties: they are defined for s ¢ B, tc B, and all systems 
of nonnegative numbers --- , satisfying the inte- 
grals 


f F(s, t, ui(t),--- , un(t))dt 
B 


exist for all systems of nonnegative continuous functions (#),---, 
u,(t) satisfying (2.2); moreover 


(di) | fils, By ’ un) | sF,(s, t, | , | wn|); 
(de) Fi(s, t, Un) SF(s, t, for OSmSu,---, 


(ds) there exists a positive number r<R so that 


n 
j=1 B 
holds for any system of nonnegative numbers 7, 72, --- , fn whose 


sum is 7. 


|__| 
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Under these conditions, it was proved in [5, §5] that the system 
(2.1) has at least one continuous solution m(#), ---, u,(#) with 


(2.4) | Sit; 


j=1 
We prove now 


THEOREM 3. The system (2.1) has only one continuous solution satis- 
fying (2.4) if, in addition to (a)—(d3), the following conditions hold: 

(dj) Condition (ds) remains true after the substitution of “<” for 

(e) forsc B, tc B, and all systems um, , Un with | <r the 
differential quotients Of;/Ou; exist cond are continuous functions of 
(s, t, U1, °° +, Un); 

(f) for any system of continuous functions u(t), --- , Un(t) satisfying 
(2.4), the system of linear integral equations 


Ofi(s, t, m(t),--- , 
z(s)+ z(é)dt=0, i=1,2,---,n, 
B j=l Ou; 
has only the solution --- =2,=0. 


Proor. Let E be the Banach space whose points r are the systems 
of continuous functions 


r= (u(t), --- , un(t)) 
and whose norm is given by 


j=1 


Let §(r) be the representation which makes correspond to the point r 
the point 


r) = (f fils, t, u,(t), u,(t))dt, 
B 
f In(s, t, w(t), 
B 


It was proved in a former paper* that, under the conditions (a)—(ds), 
§(r) is completely continuous and that the inequality | ¥(x)| <r holds 


* See [5, §5]. 
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for all points r of the sphere S defined by ||r|| =r. The proof given for 
this inequality shows that under the condition (d3) even 


holds. That means that the translation of the points of S caused by 
the representation f(r) =r+(r) is less than the radius of S, from 
which it follows* that the order u(f, S, 0) equals 1. Hence, hypothesis 
(a) of Theorem 2 is fulfilled. 

Our theorem will be proved if we can show that hypothesis (b) of 
Theorem 2 is also fulfilled. For that purpose, we put 


To = (uoi(t), Uoo(t), Uon(t)), 
(z, (2), ze(t), z,(t)), 


n af, 
Xo) = + 2;(t)dt,--- , Zn(s) 


B j=1 
n 
B j=1 Ou; 0 


where 


|| an afi(s, t, uoi(t), ton(t)) 
Ou; Ou; 


A simple application of the mean-value theorem shows then immedi- 
ately that the conditions (e) and (f) imply that [(3, ro) is a continuous 
nonsingular differential of f(r) (in the sense of the definition given in 
§1) in each point of the full sphere V defined by ||z|| <r. As, on ac- 
count of (2.5), all solutions of the equation f(r) =r+ §(r) = 0 lie in the 
interior of V, ‘hypothesis (b) of Theorem 2 is indeed fulfilled. 
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CREMONA INVOLUTIONS DETERMINED BY A PENCIL 
OF SURFACES* 


FRANK C. GENTRY 


1. Introduction. The characteristics of the involutorial Cremona 
transformations determined by a pencil of surfaces of order m and 
containing an (m—2)-fold line d have been determined by Carroll [1]. 
The particular features of these transformations, which arise when 
the surfaces of the pencil are of order 3 and the curve residual to the 
line d in the base of the pencil is composite, have been considered 
in some detail by the same author [2]. Snyder [3] has suggested that 
a similar study of involutions defined by surfaces of higher order 
might be of interest. 

The transformation is defined by Carroll as follows. Let 


(1) (x) — (x) = 0 


be a pencil of surfaces of order m containing the line d=x1=0, x.=0 
to multiplicity »—2. Let (z) =(0, 0, 23, 24) be a variable point on the 
line d, and let the pencil of surfaces (1) be connected with (z) by the 
relation 


(2) — Az) = O, 


where ¢;, (t=1, 2), is a binary form of order k. A point (y) of space 
determines a surface of the pencil (1) and hence a value of the ratio 
A1:A2, which in turn determines a point (z) of d. The line joining (y) 
and (z) meets the member of (1) determined by (y) in one further 
point (y’), the transform of (y) in the involution. The characteristics 
of the transformation are 


Si ~ h(n — 2) a? 
Cut! {(6n — 8)k + 6n — 10}g, 

d ~ Ton b(n — 2)d 
Cita {(6n — 8)k + 6n — 10}g, 

Cana ~ Lan HD — 2)d4 
Cina {(6n — 8)k + 6n — 10} g?, 

~ H+) h(n — 2)d 
Cit. { (6n — 8)k + 6n — 10}, 

* Presented to the Society, September 6, 1938. 
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where C,,_4 is the base curve of the pencil of surfaces residual to d, 
T and = are the principal surfaces corresponding to d and C4n-4 
respectively, R is the surface of coincident points and the 
{ (6n—8)k+6n—10}¢ are fundamental curves of the second kind 
which are all lines. 


2. Noether’s map. Noether [4] has shown that a surface of order n 
containing an (m—2)-fold line can be mapped on a plane by means of 
a web of curves of order m and genus »—2 whose base is made up of a 
fixed (n—2)-fold point N and 3n—4 simple points p;, (¢=1,---, 
3n—4). That is, 


the generic plane section of the surface S,. Contained in the web of 
plane curves is the pencil [N*]![N"-*pip» - - - Psn_4]*~!. But the pencil 
of lines [N]' corresponds to the pencil of conics C, cut out on the 
surface by a pencil of planes through the (”—2)-fold line d. Hence 
the uniquely determined curve - - - Another 
member of the pencil of surfaces meets S, in a curve of order n? made 
of d counted (~—2)? times and the residual curve C4,_4 of order 
4n—4. The map of the complete intersection in the plane is of the 
form 


n(n—2) 


Hence 

It will happen 37 —4 times that a line of the pencil on N coincides 
with one of the 3n—4 lines [Np;]!. In this case the map of the plane 
section becomes - - - which corre- 
sponds to the ( —2)-fold line d and a composite conic made up of the 
2 lines u;~[N;]! and the directions about the base point 
The 6n—8 lines u:, v;, (¢=1, 2, 3, ---, 32—4), which lie by pairs 
in 3n—4 planes through the (m—2)-fold line d, are the only lines on 
the surface S,. Noether mentions that, aside from these lines and the 
pencil of conics C2, to which they belong, there are no curves of order 
less than n—2 on the surface. The curve C4,_4 is of genus 


(3 — 3) (3m — 4)/2 — (3n — 6) (3n — 7)/2 — (3m — 4) = 6n — 11. 


It meets d 4n—8 times, each u; and v; 3 times and each C; 4 times. 
It is the purpose of this paper to examine those cases which arise 
when C4,_, becomes composite and to determine what effect is pro- 
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duced on the order of the transformation and the configuration of its 
fundamental curves. 


3. Lines as components of base. Let the map of C4,_4 be of the 
form 


Pi Ps Pm  pipe ps Pans] 
Then UmC4n—m—4 Can—m—4is of genus 62 —2m—11, and 
meets d 4n—m-—8 times and 2;, (t=1, 2, 3, --- , m), 3 times. Hence 
it meets the plane (dz;)! in one variable point. Through any point 
(v) of this plane there can be drawn one and only one line meeting d, 
v; and C4n-m—s each once and hence lying entirely on the surface of 
the pencil (1) determined by (y). Now by (2), to each point of d 
there corresponds & surfaces of the pencil (1). From any point on d 
there can be drawn one line meeting v; and C4,-m—4. This determines 
a (1, k) algebraic correspondence of valence zero which has k+1 
coincidences. Therefore, it happens k+1 times that a line joining a 
point (y) to the point (zs) of d corresponding to the surface of the 
pencil (1) determined by (y) lies entirely on that surface. These lines 
are fundamental curves of the second kind of the type (dviC4n—m-—,). 
There are 3n—m-—4 lines u; and 3n—m —4 lines 0;, (t=m+1, m+2, 
- + , 3n—4), on each surface S, meeting C4,-m—4 twice. From any 
point of d there can be drawn 


(4n — m — 5)(4n — m — 6)/2 — (4n — m — 8)(4n — m — 9)/2 


— (6n — 2m — 11) = 6n — m — 10 


lines meeting C4,-m—4 twice each. Hence there are (67—2m-—8)k 
+6n—m—10 F-lines of the type (dCin_m—4). The remaining mk F- 
lines of the transformation are accounted for by each 2;, (=1, 2, 3, 

- , m), counting k times as an F-curve of the second kind, as well 
as an F-curve of the first kind. In order to determine the maximum 
possible number of lines v; which may break away from C4,_4, we note 
that the residual curve can exist on the surface S, if and only if its 
map can exist in the plane under the prescribed conditions on its base. 
That is, (3n—2)(3n+1)/2—(3n—6) (3n—5)/2—6m—3(3n—m—4) 
20 or m<2n—2. The same results are obtained if the map of 
C4,-4 is of the form 


3n—m—6 3n—m—2 


except that v; is replaced by u;, (4=1, 2, 3,---, m). 


1939] CREMONA INVOLUTIONS 617 


4. Base having conics as components. Let the map of C,4,_4 be of 
the form 


It corresponds to CZ Cy’ CoC that is, to m 
conics and a curve of order 4n —2m—4 and genus 62 —3m—11. Each 
conic meets d twice, and Cgn_2m_4 meets d 4n —2m—8 times and each 
conic 4 times. There are (6n —8)k+6n—3m-—10 F-lines of the type 
(dCin—2m—s) and no others. Hence each such conic reduces the num- 
ber of F-lines of the second kind by 3. An examination of (3) shows 
that the plane of each such conic factors once out of each member of 
the homaloidal web and the P-surface T2nu41)-2 of the transforma- 
tion, and twice out of the P-surface D4nc.41—-4. Consequently, if there 
are m such conics, the order of the transformation is reduced to 
2n(k+1)—m-—1. To determine the maximum possible number of 
such conics, we have 


(3n — m — 2)(3n — m + 1)/2 — (3 — m — 6)(3n — m — 5)/2 
— 3(3n — 4) = 6n — 5m — 4 = O orm S&S (6n — 4)/5. 


That is, m=n+j when n=5j+h, (h=4, 5, 6, 7, 8; 7=0,1,2,3,---). 
Obviously, C4, cannot be composed entirely of conics of this type 
for any value of m, since each conic must meet d twice, while C4,_4 
meets d but 42 —8 times. If we impose the condition that 2m=4n— 8, 
then 2n—4< (6n—4)/5 and n 4. For 7=3, 4, C4,_4 is composed of 
2n—4 conics and a C4, which meets each conic 4 times but does not 
meet d. If 2 =3 the order of the transformation is 6k-+3 and there are 
10k+2 F-lines; if »=4 the order is 8k+3 and there are 16k+2 
F-lines. The same results are obtained if some of the conics are com- 
posite, since the map of the curve residual to the conics is the same 
as before. 


5. One nonplanar component in base. Let C,,_, be composed of a 
single nondegenerate curve of order N;2n—2 and conics and lines 
of the type mentioned above. Its map is then of the form: 


where 


(4) mt+t+j=3n-—2, r+i+tj=3n-6, s+j=in-4, 


and 


(5) 


(m — 1)(m — 2)/2 — r(r — 1)/2 20, 


m(m + 3)/2 — r(r + 1)/2 20. 
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From these conditions it follows that 
4ims3n-2, r=m-— 4, m—-2S5sS 3m-9, 


(6 


Any set of integers which satisfies (6) will then constitute the char- 
acteristic of the map of a possible form of C4,_4. The genus of the 
curve Cy, is p=3m—s-—9, and 


N, = nm — (n — 2)(m — 4) — 2s —j = 4n + 2m — 2s —j — 8. 


The curve Cy, meets d(m—1)m—(n—3)(m—4) —2s—j = N,—4 times. 
There are 2s of the lines u;, v;, (¢=1, 2, - - - , 5), which meet Cy, twice 
each. From any point on d there can be drawn 


(Ni — 1)(Ni — 2)/2 — (Mi — — 5)/2 — p 
= 12n + 3m — 5s — 37 — 24 


lines which meet Cy, twice each. Hence, there are 2sk+12n+3m 
— 5s—3j—24, or 2sk+3Ni—3m-++s F-lines of the type (dCy’). The 
curve Cy, meets each of the planes (du;)', (¢=s+1, ---, in 
one variable point. Hence, there are 7(k+1) F-lines of the type 
(dCy,u;). Each of the lines u; counts k times as an F-curve of the 
second kind. 


6. Two nonplanar components in base. Let C,,_;, be composed of 
two curves of orders Ni2>n—2 and N2=n-—2 and of genera and 
p2 respectively, besides conics and lines. Let the map of Cy, have the 
characteristic (mr15:j1) where m is the order, 7: is the multiplicity 
at N, s: is the number of double points at base points ;, and j; is 
the number of simple points at base points p;. Let the map of Cy, 
have the characteristic (mereseje) with respect to the same base, and 
let the mapping curves have a simple points in common. Then 


m, + me+ t+ jit je— 2a = 3n — 2, 
(7) je — 2a = 
Sit a= 3n—4, 

where ¢ is the number of conics which meet d twice. From the first 


two of the relations (7) mj; whence either 7; =m,—1, 
= M2—3, Or =m,—2, r2=m2—2. In the first case 


=m, — 1, ro = — 3, 
(8) 0, 2m. — So —-5 = 0, 
2m, — 352 — j2 —-3 20. 
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Hence 
1S m, S 3n- 5, 3S me S 3n — m — 2, 
(0) OS ss S 2m, — S, 
0S ji S 2m, 0 S je S 4mz — 352 — 3, 
OS OSt=a+52— m, — m+ 2. 


Any set of integers satisfying the conditions (8) and (9) constitutes 
the characteristic of the map of a possible form of C4,_4. Then 
Ny =n+2m—ji—2,p1=0, and = 2m2—S2 
— 5. The curve Cy, meets d N,—1 times and Cy, meets it N2—3 times. 
The F-curves of the second kind are arranged as follows: 


(s + a)k + 2N2 — 2me2 + Se of the type (dCx,), 
(s+ a)k+3Ni + Neo — 3m, — m2 + a of the type (dCy,Cy,), 
(10) (j1 — a)(k + 1) of the type (duCy,), 
(je — a)(k + 1) of the type (duCy.), 
ji t+ je — 2a lines u; each counted k times. 


In the second case: 


ry =m — 2, ro = me — 2, 

(11) m —s5,;—-220, Mz — %—220, 

3m, — 355 — ji —12 0, 3mz — 352 — je —-120 
Hence 

3n—-4, 
(12) 

S3m,—35,—1, OS joS3m2—352—1, 


Any set of integers satisfying (11) and (12) will then constitute the 
characteristic of the map of a possible form of C4n_4, except one con- 
taining the characteristic (3 1 0 8). These cases must be barred be- 
cause this is the characteristic of the map of the multiple line d which 
cannot form a part of Cans. We have Ni=2n+2m,—25,:—ji—4, 
and p2=m2—S2—2. The 
curves Cy, and Cy, meet d N,—2 and N.—2 times, respectively. 
The F-curves of the second kind are arranged as follows: 
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(sy + Se)k + Ni — m, + 5, of the type (dCx,), 
(51 + so)k + N2 — mz + 52 of the type (dCy,), 
2ak + 2N, + 2N2 — 2m, — 2m + a of the type (dCy,Cy,), 
(j1 — a)(k + 1) of the type (dCy,u,), 
(j2 — a)(k + 1) of the type (dCy,u;), 
(7:1 + je — 2a) u; each counted & times. 
7. Three nonplanar components in base. In addition to possible 
conics and lines, let C4,-, be composed of 3 curves Cy,,p,, Cyz.p» 
Cy,,p, Whose maps have the characteristics and 
(msrsS3js), respectively. Let the maps of Cy, and Cy, have a simple 
base points in common, those of Cy, and Cy, 6 such points, and those 
of Cy, and Cy, ¢ such points. Then 
m, + me + m3 + t+ frit jet js — 2a — 2b — 2c = 3n — 2, 
(14) mtretrstitjtjet+tjs — 2a — 2b — 2c = 3n — 6, 


From the first 2 of the relations (14) it follows that, without loss of 
generality, we can set 7; =m,—1, re=m2—1, r3=m3—2. Then 


(15 5, = 0, so= 0, m3 — 
2m, — ji 2 2mz — j2 2 0, 3m3 — 353 — jz — 1.20. 
Hence 
Ofm,S3n—5, OSmeS3n—m,—4, 
OSs3Sm3—2, 
(16) OSjeS2me, OS 735 3m3—3s3—1, 
 OSatcSfr,  OSa+bSje, 0<b+cSjs, 


Any set of integers satisfying (15) and (16) will constitute the char- 
acteristic of the map of a possible form of C,,_4 except one containing 
the characteristic (3 1 0 8). We have Ny=n+2m,—7,—2, p,=0, 
N2=n+2m2—je—2, po=0, Ns=2n+2m3—2s3—j3—4, and ps=ms3 
—s3—2. The curves Cy,, Cy,, and Cy, meet d Ni—1, N2—1, and 
N;—2 times, respectively. The F-curves of the second kind are ar- 
ranged thus: 
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(ss + a)k + Ni + N2 — m, — mz + a of the type (dCy,Cy,), 
(ss + a)k + N3 — ms + 5; of the type (dCy,), 

(6+ c)k + 2N, + Vz — 2m, — m; + ¢ of the type (dCy,Cy,), 

(b+ c)k + 2N2 + Nz — 2m2 — mz + b of the type (dCy,Cy,), 
(j1 — a — c)(k + 1) of the type (dCy,u,), 
(j2 — a — b)(k + 1) of the type (dCy,u;), 
(js — b — c)(k + 1) of the type (dCy,u,), 

(ji: + j2 + js — 2a — 2b — 2c) u; each counted k times. 


(17) 


8. Four nonplanar components in base. Finally, let C,,_,4 be made 
up of 4 curves Cy,,p,, (4=1, 2, 3, 4), aside from conics and lines, and 
let the map of Cy, in the plane have the characteristic (mprpsnjn). 
Let the maps of Cy, and Cy, have a simple base points in common, 
those of Cy, and Cy, b such points, those of Cy, and Cy, ¢ such points, 
those of Cy, and Cy,d such points, those of Cy, and Cy, e such points, 
and those of Cy, and Cy, f such points. 

Then 


m+ jist 
— 2a — 2b — 2c — 2d — 2e — 2f = 3n — 2, 
— 2a — 2b — 2c — 2d — 2e — 2f = 3n — 6, 
Sat 
- 


(18) 


From these conditions it follows that 


(19) 7, =m, — 1, s, = 0, 2m, — jr2 O, h = 1, 2, 3, 4. 


Hence 
1<m,S3n—5, OSj,52m,, 
1<m2S3n—m,—4, 
(20) OSat+d+eSjo, 
3n—m,—m2—m3—2, 0<b+d+/Sjs, 
OSctet+fsj, 


Any set of integers satisfying conditions (19) and (20) will constitute 


622 F. C. GENTRY 


the characteristic of a possible map of C4,_4. We have N,=n+2m, 
—jr—2 and p,=0, (h=1, 2, 3, 4). The curve Cy, meets d N,—1 
times. The F-lines of the second kind may be classified as follows: 
(at+f)k+NitN2—m,—m2+< of the type (dCy,Cy,), 
of the type (dCy,Cy,), 
of the type (dCy,Cy,), 
(c+d)k+N2+N3—m2—m;+d of the type (dCy.Cy,), 
of the type (dCy,Cy,), 
of the type (dCyx,Cy,), 
(j:—a—b—c)(k+1) of the type (dCy,u;), 
(j2—a—d—e)(k+1) of the type (dCy,u;), 
(jz—b—d—f)(k+1) of the type (dCy,u;), 
(ja—c—e—f)(k+1) of the type (dCy,u;), 
(jitjetjst+ja—2a—2b—2c—2d—2e—2f) u; each counted k times. 


C4,—-, cannot contain more than four curves of order greater than 
or equal to n—2. 


9. Conclusion. All the possible forms which C;,_, may take have 
been determined. It has been shown that if C4,_4 contains m conics 
each meeting the multiple line d twice, then the order of the trans- 
formation is reduced by m, but that no other form reduces that order. 
The configuration of the F-curves of the second kind varies widely 
from case to case, but their total number is always (67—8)k+6n 
—3m—10. 
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CONCERNING CERTAIN LINEAR ABSTRACT SPACES 
AND SIMPLE CONTINUOUS CURVES* 


F. B. JONES 


The first section of this paper is given over mainly to the investiga- 
tion of linear Hausdorff spaces. However, the principal object of the 
paper is to characterize topologically that class of point sets used in 
the geometry for lines, namely, the class of simple continuous curves. 
This has already been done by R. L. Moore,f by R. L. Wilder, and 
by myself.§ The results of this paper generalize the results just re- 
ferred to mainly by omitting all compactness requirements. As a mat- 
ter of fact, it will be shown that any nondegenerate linear continuum 
lying in a Moore space is a simple continuous curve, and that any 
nondegenerate linear connected subset of a Moore space is homeo- 
morphic with a simple continuous curve. 


1. Certain results for Hausdorff spaces. 


DEFINITION. A space is said to be strongly regular at a point P pro- 
vided that, if Ris a region containing P, then there exists in R a domain 
D containing P whose boundary is a subset of the sum of a finite num- 
ber of continua lying in R—D.\| A space is said to be strongly regular 
provided that it is strongly regular at every one of its points. 


THEOREM 1. Jf P is a point of a connected Hausdorff space MI and 
M is strongly regular at P, then AI is connected im kleinen at P. 


ProoFr. Let R denote a region containing P, and let R; denote a 
region containing P which lies together with its boundary in R. There 
exists in R; a domain D containing P whose boundary is a subset of 
the sum of a finite number of continua 7), To,-- - , T, lying in 


* Presented to the Society, December 30, 1938, under the title Concerning simple 
linear Moore spaces and simple continuous curves. 

+R. L. Moore, Concerning simple continuous curves, Transactions of this Society, 
vol. 21 (1920), pp. 313-320. Also R. L. Moore’s Foundations of Point Set Theory, 
American Mathematical Society Colloquium Publications, vol. 13, New York, 1932; 
Theorem 20’ of chapter 2 in particular. Hereinafter, this book will be referred to as 
Foundations. 

t R. L. Wilder, Concerning simple continuous curves and related point sets, American 
Journal of Mathematics, vol. 53 (1931), pp. 39-55. 

§ F. B. Jones, Concerning the boundary of a complementary domain of a continuous 
curve, this Bulletin, vol. 45 (1939), pp. 428-435. 

|| See Axiom 5*; of my paper Concerning certain topologically flat spaces, Transac- 
tions of this Society, vol. 42 (1937), pp. 53-93. 
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R,—D. Since M is connected, D+71+72+ - - - +T7, is the sum of 
at most m components. Hence, if C denotes the component containing 
P, C-D is an open set. But, since C lies in R, M is connected im 
kleinen at P. 


THEOREM 2. A strongly regular connected Hausdorff space is locally 
connected. 


DEFINITION. A point set M is linear provided that, tf P is a point 
of R, a domain with respect to M, there exists in R a domain with respect 
to M which contains P and has at most two boundary points with re- 
spect to M.f 


THEOREM 3. A linear Hausdorff space is regular. 


ProorF. If P is a point of a region R, there exists in R a domain D 
which contains P and has at most two boundary points A; and Az. 
For each i, (i=1, 2), let R; denote a region containing P, such that R; 
does not contain A;. Then there exists a region U containing P and 
lying in D-R,-R:z. Obviously U is a subset of D and, hence, of R. 


THEOREM 4. Jf P is a point of a region R in a connected linear 
Hausdorff space, there exisis a connected domain D containing P which 
has at mosi two boundary points such that D ts a subset of R. 


Proor. By Theorem 3, there exists a region U which contains P 
and lies together with its boundary in R. Let D, denote a domain 
which lies in U and contains P and has at most two boundary points. 
Since the space is linear and regular, it is strongly regular, and it 
follows from Theorem 2 that the component D of D, which contains 
P is itself a domain. Obviously, D has at most two boundary points 
and lies together with these points in R. 


THEOREM 5. If D is a connected domain in a connected linear Haus- 
dorff space, then D has at most two boundary points. 


PRroor. Suppose that D has three boundary points Ai, Ae, and A3. 
Let P denote a point of D. Let G denote the collection of all con- 
nected domains which have at most two boundary points. There exist 
three elements dy, dai, and d3, of G containing A1, A2, and A; respec- 
tively such that du - da =dy ‘du =(), For each 1, (1 
there exists a chain C; of elements da, diz, - - - , din, of G from A; to P 
such that di; is a subset of D if 1<j<n;. For each z, (1 $73), let D; 
denote the component of D-C¥ which contains P, and let A/ de- 


{ The meaning of the term linear as used here should not be confused with its 
geometric, algebraic, or function-theoretic meaning. 
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note a boundary point of D; in the boundary of D.t Obviously, A/ 
is in dj. Now for each 2, (173), let C/ denote a chain of elements 
dj, 4m, 0f G from to P such that (1) dj, contains A/, 
(2) dj is a subset of dj and contains no point of C4: +CA2 (where 
3+1 in the subscripts is interpreted to mean 1), and (3) if 1<j<mi, 
a is a subset of D;. Obviously, for each 7, (15753), and j, 
(1<j<m;), dj, has one of its boundary points in dj;1) and the 
other in dj;,1). The connected domain C/* has at most two bound- 
ary points, of which one is a boundary point of d;,,, and the other 
(if it exists) is a boundary point of d,,. Likewise, C7* is a connected 
domain having at most two boundary points, of which one is a bound- 
ary point of dim, and the other (if it exists) is a boundary point of 
dj,. Since C/* contains no point of d3,, and C/* contains no point of 
d:/, but each contains both a point of and a point not of the other, 
Ci*+C2* is a connected domain which contains P, but not Aj, and 
whose boundary (if it exists) is a subset of d;,+d,. But Cj* is a 
connected domain containing P and Aj, but no point of d;,+ds;, 
which is a contradiction. 


THEOREM 6. A connected linear Hausdorff space is normal. 


ProoFr. Suppose that H and K are two mutually exclusive closed 
subsets of a connected linear Hausdorff space M. Let G denote the 
collection of all the components of M—H which contain points of 
K. If C is an element of G, then C is a connected domain and, by 
Theorem 5, has at most two boundary points A; and Az. Since both 
A, and A? are points of H, there exist two regions R; and R2 contain- 
ing A; and Az, respectively, such that (Ri+ R2)-(C-K) =0. Let C’ de- 
note C—C-(R,+R:2). Obviously C’ is a domain containing C- K, such 
that C’- H=0. Let G’ denote the collection of all such domains C’ for 
all of the elements C of G. Then G’* contains K and G’*-H=0, be- 
cause if P were a point of H and a limit point of G’*, then every re- 
gion with at most two boundary points which contains P would 
contain points of infinitely many elements of G and, consequently, 
contain an element of G. Since every element of G contains a point 
of K, this is a contradiction. 


THEOREM 7. A linear Hausdorff space ts atriodic. 


ProoF. Suppose, on the contrary, that the space contains three 
nondegenerate continua M;, M2, and M; having only the point P in 
common. For each 1, (=1, 2, 3), let A; denote a point of M;—P. 


t The notation C,;* denotes the sum of the elements of C;. 
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There exists a region R containing P and not containing a point of 
A,+A2+As3. Then every domain containing P and lying in R has at 
least three boundary points, and the space is not linear, contrary to 
hypothesis. 


THEOREM 8. A connected linear Hausdorff space is locally compact. 


Proor. Suppose that P is a point of a region R. By Theorem 4, 
R contains a connected domain containing P, which lies together with 
its boundary in R and has at most two boundary points. If it exists, 
let D denote a connected domain containing P such that (1) D isa 
subset of R, and (2) D has two boundary points A and B. Other- 
wise, let Q denote a connected domain containing P, having only one 
boundary point B and lying together with its boundary in R, and 
let D denote Q—P. In this last case, D is connected; for, if Q—P 
contains two components H and K, then, since P is in the boundary 
of each of them, there exists a connected domain containing P hav- 
ing two boundary points and lying together with its boundary in R. 
So, in either case, D is a connected domain having two boundary 
points A and B (in the second case A = P). Now suppose that D con- 
tains an infinite point set 1 which has no limit point. If X is any 
point of 1, M—X is not connected. For, if —X were connected, 
then 1J—X would be a connected domain with three boundary points 
A, B,and X, contrary to Theorem 5. Likewise, since each component 
of 1/—X has X on its boundary, no component of /—X has both A 
and B on its boundary. Furthermore, 1—X does not contain three 
components; for if it did, then, since each such component has X on 
its boundary, these three components together with X would contain 
a triod, contrary to Theorem 7. Consequently, for each point X of M, 
M-—X is the sum of two components of 1J—X, AX and BX, having 
boundaries A+X and B+X respectively. Since J is infinite, it fol- 
lows that either (1) there exists an infinite sequence Xi, Xe, X3, - - - 
of points of Jf such that, for each integer n, AX,4; contains AX,, or 


(2) there exists an infinite sequence Y;, Yeo, Y3,--- of points of WV 
such that, for each integer , BY,4; contains BY,. Since JJ has no 
limit point, > Ax. (if the sequence Xi, Xe, X3,--- exists) is a do- 


main having at most one boundary point, A. But D+ B is a connected 
point set which contains the point X; of }>AX,, and which contains 
the point B of the complement of )>AX,, but which does not con- 
tain A. This is a contradiction. On the other hand, if the sequence 
X;, Xo, X3,--- does not exist, then >B Y, is a domain, and D+A 
is a connected point set containing both a point of )>BY, and a point 
not of )-BY,, but containing no boundary point of > BY,, which is 


| 
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again a contradiction. Hence every infinite subset of D has at least 
one limit point. It follows at once that the space is locally compact. 


THEOREM 9. In a connected linear Hausdorff space every connected 
domain which has two boundary points is compact. 


Theorem 9 follows from the argument for Theorem 8. 


THEOREM 10. In order that a connected linear Hausdorff space be 
metric it is necessary and sufficient that it be completely separable. 


Proor. That the condition is necessary follows from Theorem 8 
and a well known result of Alexandroff’s.* That the condition is suffi- 
cient follows from Theorem 6 and a theorem of Urysohn’s.f 

In fact, it is rather easy to see that, if S is a connected linear Haus- 
dorff space, the following conditions are equivalent: 


(1) Sis separable. 

(2) Every uncountable subset of S contains a limit point of itself. 
(3) Shas the Lindeléf property. 

(4) Sts completely separable. 

(5) S is metric. 


2. Applications to Moore spaces. 


DEFINITION. A Moore space is a space satisfying Axiom 0 and parts 
(1), (2), and (3) of Axiom 1 of Foundations. A complete Moore space 
1s one satisfying Axioms 0 and 1 of Foundations. 


THEOREM 11. A nondegenerate connected linear Moore space is a 
simple continuous curve.t 


ProoF. Since a Moore space is a Hausdorff space, it follows from 
Theorems 4, 7, and 8 that the space is a locally compact, locally con- 


* Paul Alexandroff, Uber die Metrisation der im kleinen kompakten topologischen 
Réume, Mathematische Annalen, vol. 92 (1924), pp. 294-301. 

7 Paul Urysohn, Zum Metrisationsproblem, Mathematische Annalen, vol. 94 
(1925), pp. 309-315. 

t Strictly speaking, if one used the definitions of arc, simple closed curve, open 
curve, and ray as given in Foundations, then every nondegenerate connected linear 
Hausdorff space would be a simple continuous curve. But there would then exist a 
simple continuous curve in a Hausdorff space which would not be topologically 
equivalent to one in the number plane. Consequently, in addition to the properties 
of simple continuous curves set forth in the definitions in Foundations, I would re- 
quire that, in order for a point set (in a Hausdorff space) to be a simple continuous 
curve, it must also be separable. For every separable, connected linear Hausdorff space 
ts topologically equivalent to a plane simple continuous curve. 
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nected, atriodic complete Moore space. By a theorem of mine,* such 
a space if nondegenerate is a simple continuous curve. 

It can be shown with the help of the theorems and discussion on 
pages 81, 82, and 83 of Foundations and Theorem 11 of this paper that 
the following three propositions are true. 


THEOREM 12. Every nondegenerate continuum tn a linear Moore 
space M 1s a simple continuous curve. 


THEOREM 13. Every nondegenerate linear continuum in a Moore 
space ts a simple continuous curve. 


THEOREM 14. Every nondegenerate linear connected subset of a 
Moore space is homeomorphic with a simple continuous curve. 


THEOREM 15. In order that a nondegenerate, locally connected, com- 
plete Moore space be a linear space, it is necessary and sufficient that 
it contain no simple triod. 


ProoF. If the space is not linear, it is clear that it contains a con- 
nected domain with at least three boundary points A, B, and C. Let 
D., Dg, and De denote three mutually exclusive connected domains 
containing A, B, and C respectively. By Theorem 1 in Chapter II of 
Foundations, there exists an arc A B from A to B lying in D+D4+Dz. 
Likewise, there exists an arc T from C to AB lying in D+ De and hav- 
ing only one point in common with AB. Obviously, AB+T contains 
a simple triod. Hence, the condition is sufficient. By Theorem 7, the 
condition is necessary. 


THEOREM 16. Jf a nondegenerate continuous curve M in a complete 
Moore space contains no simple triod, then M 1s a simple continuous 
curve.} 


Theorem 16 may be established with the help of Theorems 118 and 
120 in Chapter I and the argument for Theorems 6 and 7 in Chapter 
II of Foundations together with Theorems 11 and 15 above. 
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* Lemma A of my paper, Concerning the boundary of a complementary domain of a 
continuous curve, loc. cit. 

+ Theorem 16 is identical with Lemma A of my paper just referred to, except that 
in Theorem 16 it is not stipulated that M be locally compact. 


ON THE LOGARITHMIC SOLUTIONS OF THE 
GENERALIZED HYPERGEOMETRIC EQUATION 
WHEN p=g¢+1 


F. C. SMITH 


1. Introduction. In a recent paper,* the author gave the relations 
among the non-logarithmic solutions of the equation 


1 
(1) 
t=1 


2 t=} 


where @=2(d/dz) and where the a; and ¢; are any constants, real or 
complex, the only restriction being that one of the c; must be equal to 
unity. Such solutions can be found in a number of places in the 
literature.t But in attempting to study the logarithmic cases of the 
problem treated in the above-mentioned paper, the author was un- 
able to find the logarithmic solutions of equation (1) in the literature. 
It is the purpose of this paper to present these logarithmic solutions, 
but for the sake of completeness, the non-logarithmic solutions are 
also given. The methods used are those of Frobenius.{ 


2. Non-logarithmic solutions. The solutions of equation (1) about 
the point z=0 are all non-logarithmic in character if no two of the c; 
are equal or differ by an integer; and even if some of the c, are equal 
or differ by an integer, the solutions will continue to be non-logarith- 
mic provided certain of the c; are equal to or differ from certain of the 
a; by an integer. Since these special cases can easily be recognized, 
we shall avoid them in our theorems by making the hypotheses 
stronger than necessary. 


THEOREM 1. Jf no two of the c; are equal or differ by an integer, then 
the solutions of equation (1) about the point z=0 are non-logarithmic in 
character and may be written in the form 


* F.C. Smith, Relations among the fundamental solutions of the generalized hyper- 
geometric equation when p=q+1. 1. Non-logarithmic cases, this Bulletin, vol. 44 (1938), 
pp. 429-433. 

t See, for example, L. Pochhammer, Ueber die Differentialgleichung der allge- 
meineren hypergeometrischen Reihe mit zwei endlichen singuldéren Punkten, Journal 
fiir die reine und angewandte Mathematik, vol. 102 (1888), pp. 76-159. 

¢G. Frobenius, Ueber die Integration der linearen Differentialgleichungen durch 
Rethen, Journal fiir die reine und angewandte Mathematik, vol. 76 (1873), pp. 214- 
235. 
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+ — Cj) noo + co — ¢; +n) 
j=1,2,---,q4+1; lz] <1. 


>? 


ProoF. If we substitute into equation (1) the series 


n=0 
we obtain, since f(0)2"=2"f(n), 


atl 
n=0 


t=! tel 


co q+1 
(4) => (wtnte— 1) 


t=1 t=1 


— al] =0. 


t=1 


Thus, the indicial equation becomes 


(5) II — 1) =0, 
t=1 
whose roots are 
(6) w=1-6¢;, j=1,2,---,q+1. 


Moreover, the coefficients a, satisfy the recurrence formula 


1 (w+ n+ a; — 1) 
(7) a, = 


(Wwt+n+c; — 1) 


which leads to the final result 


T(w + + c+ 


(8) 


If we take ap=1 and use (8) in (3), we have 


ati 
t=1 + a) tar + + 
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from which the various solutions may be obtained by setting w equal 
to the roots (6) of equation (5). This leads to the desired result (2). 
In a similar manner, we may prove the following theorem: 


THEOREM 2. Jf no two of the a, are equal or differ by an integer, then 
the solutions of equation (1) about the point z= ~ are non-logarithmic in 
character and may be written in the form 


etl ) = tt 


t=1 r(1 — ¢ + n=0 t=1 T(1 —a,+4a;+7) s* 


3. Logarithmic solutions. If we suppose that r of the c; are equal 
or differ by an integer, and assume at the same time that none of 
these r c; are equal to or differ from any of the a, by an integer, then 
the proof of Theorem 1 breaks down, since a zero factor will appear 
in the denominator of (7) for some values of . Under these condi- 
tions, 7 of the solutions of (1) about the point z=0 become logarith- 
mic in character. There is no loss of generality in taking the r c,’s 
as (1, C2,--*, Cy, arranged with their real parts in ascending order; 
thus, let us assume that 


(11) 1 = h, — C2 = -- = 1, 


where each /, is zero or a positive integer. Under these conditions we 
may state the following theorem: 


THEOREM 3. If G1, C2, - ;.- , Cr satisfy (11) but do not equal or differ 

from any of the a, by an integer, then the solutions Yo;, (j7=1, r+1, 

-,q@+1), of equation (1) are given by (2), but the remaining Yo; are 
logarithmic in character and may be written in the form 


Vos = (— (— 
(12) 
+ >> 2} cy (5 »)(0, 2), |z| <1, 
where GY-"(0, 2) denotes the (j—v)th derivative with respect to w of the 
function 


* If we agree to delete the first summation of (12) when j =1, then Yo; can also be 
obtained from (12). 
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G.(w, 2) = 1)!-" 


= ( mw oH — w) 


sin rw + — + w) 
(13) . II rte. 
n=0 


T(1 + a, — + w + 8) 
+ — + w+ 8) 
evaluated for w=0; in (13) the —1 factor and the first product of the 
summation are to be deleted when v=1 and the special definition 1, = ~ 


is to be taken; moreover, if l,1=0, the special convention G,(w, z) =0 
is made. 


ProoFr. According to the theory of Frobenius, the solutions Yo,, 
(j=1,---, 7), of equation (1) may be obtained by setting w=1—c, 
in 


(14) V(w) = K(w)(w + — 1) '¥o(w), V'(w), V"(w), 


in which Y,(w) is given by (9), and in which K(w) is an arbitrary 
analytic function of w for w=1—c,. Now V(w) may be written 


qt+l 


T'(w + c) 
I] + a.) 


=, + a; + 2) 
n=0 t=1 T(w Ct n) 


(15) 
(w +c, — 1) r(w 
Il T'(w + az) 


Dw + a, +c, +2) 
By several applications of the well known relation 


us 


(16) I'(w) = ’ 
— w) sin rw 


we may reduce (15) to the form 


t=1 
t=1 
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+ 


V(w) = 


II od T(1 — — w) 


t=1 t=1 


vr=1 


| c, — 1) 
sin r(w + c, — 1) 


1 +c, + — 61) 
ent + + — 


Since K(w) is an arbitrary analytic function of w for w=1—c,, we 
may choose it so that (17) reduces to the form 


G.(w+c,— 1, 


(18) V(w) = { — + — 1, 


Thus, 
(19) V(w—c,+1) = 2” { > 


v=] 
According to the theory of Frobenius, then, we have 


(w) ra (w — c +1) 
Yo; = | = 
wal—c, w=0 


ow?! 


r gi-1 
= > w1G,(w, 2) 


w= 


(20) r #1 [ | 
= gi-ee - 2°Gy w,2 


-[(v—1)--- — 


j Gj — 1)! 


Gj — v)! w=0 


In order to obtain the desired result (12) from (20), we give a proof 
by induction. First of all, we note that 


w=0 


= log z Yo. + (0, 2) + 2'-9G,(0, 
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which is the desired result (12) for 7=2. To complete the proof, we 
assume that (12) holds for Yo2,--+, Yo,;-1 and then show that it 
also holds for Yo;. By the theorem of Leibnitz, we have from (20) 


Yo; = — Cj-»,x(log (0, 3) 
v=} — v)! 
| 
k=1 val — v)! 
(22) 
| 
k=l (k v)! 
i — 1)! 
z 
G v)! 


The second summation here agrees with the second summation of 
(12). In order to show that the two first summations agree, we make 
use of our above assumption that 


k-1 


Yo. = (- (— 


(23) 
(k — 1)! 
+ 2), 25 —-1, 
r=) (k v)! 
so that 
(k — 1)! 
gi-ee G, {*-») 0, 
~ (k — v)! (0, 2) 
k-1 
(24) = Vor 1)*¥>> (- 1)°Cx_1,r-1 (log s)*-"Yo, 


= (— 1)* (— 2)*-*Y ov. 
vel 
When (24) is substituted into the first summation of (22), we obtain 


j-l 


k 
C j-1,x-1(log 2)#-*(— 1)* (— z)*- "Yo, 


k=l 


k 
= (— (— 1)*Cx-1,2-1(log 
k=l v=1 


= (— 1)*(log >, (— 


r=] k=v 


| 
| 
(25) 


GENERALIZED HYPERGEOMETRIC EQUATION 


C j-1,r-1(log 2) *Y (— 1)*C 
k=0 
If, in the binomial expansion of (a+))/-*, we set a=1 and b= —1, 
we obtain 
j-v 
(26)  O= (— 1) = (— + 1) 
k=0 k=0 
from which 
j-v-1 
k=0 


When (27) is used in the last member of (25), we obtain the desired 
first summation of (12). This completes the proof of Theorem 3. 
If we assume that 


(28) — = ki, — = ho, , — = y-1, 


where each k, is zero or a positive integer, then, by means of a proof 
similar to that given above, we may establish the following theorem: 


THEOREM 4. If a1, G2, - - - , satisfy (28) but do not equal or differ 
from any of the c; by an integer, then the solutions Y,,;,(j7=1,s+1,---, 
q+1), of equation (1) are given by (10), but the remaining Y.,; are 
logarithmic in character and may be written in the form 


1 
v=l 


(29) 


i — i)! 
+ —— F,{F(0, z), = 3, 1, 
Gj — »)! 


where FY-"(0, s) denotes the (j—v)th derivative with respect to w of the 
function 


| 
F,(w, 2) = (— ( 


Tw Ty ae + ai + 
tai — cg + a, + w) 


sin 


n=0 tml 


TA —-ata+wt+n) 


* Again, if we agree to delete the first summation of (29) when j =1, then Y.: can 
also be obtained from (29). 


~ 
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evaluated for w=0; in (30) we make special conventions of the same 
type as those made in connection with (13). 


In connection with Theorem 4, it is of interest to note the 
unexpanded forms corresponding to (20), namely, 


(31) Fw, 3) ? 


Tue COLLEGE OF ST. FRANCIS 


ON THE FIRST CASE OF FERMAT’S LAST THEOREM* 
BARKLEY ROSSER 
We prove the following theorem: 


THEOREM. If p is an odd prime, a, 8, and y are integers in the field 
of the pth roots of unity, aBy is prime to p, and 


aP B? = 0, 
then p= 8,332,403. 


As ordinary integers are integers in the field of the pth roots of 
unity, we infer the following: 


COROLLARY. The equation 
xP yP g? = 0 


has no solution in integers prime to p if p is an odd prime less than 
8,332,403. 


To abbreviate statements, we shall say that an odd prime # is 
improper if there are integers a, 8, and ¥ in the field of the pth roots 
of unity such that afy is prime to p and 


aP B? = 0. 
Then the theorem to be proved can be stated in the form: 
THEOREM. There are no improper odd primes less than 8,332,403. 


The proof is based on a theorem of Morishimaf which, in our 


* Presented to the Society, February 25, 1939. 

+ Taro Morishima, Uber die Fermatsche Vermutung, Japanese Journal of Mathe- 
matics, vol. 11 (1935), pp. 241-252. Earlier results of a similar nature are due to 
Pollaczek, Frobenius, Vandiver, Mirimanoff, and Wieferich. Compare Dickson’s 
History of the Theory of Numbers. 
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terminology, can be stated as follows: 
THEOREM. If p is an improper odd prime, then for each prime m S31, 
m?-! = 1 (mod p?). 
Let us say that x is an F number relative to p if 
x?-! = 1 (mod 


Let g be a primitive root modulo p?. Then the only powers of g which 
are F numbers relative to » are powers whose exponents are multi- 
ples of p. Therefore, there are exactly p—1 residues of p? which are 
F numbers relative to p. Hence, there are exactly —1 integers be- 
tween —p?/2 and p?/2 which are F numbers relative to p. However, 
—x is an F number relative to p if x is. This proves the following 
lemma: 


LEMMA 1. There are exactly (p—1)/2 positive integers less than p?/2 
which are F numbers relative to p. 


Now suppose that # is an improper odd prime. Then, by Mori- 
shima’s theorem, every prime not greater than 31 is an F number rela- 
tive to . However, the product of two F numbers is an F number. 
Hence, every integer having no prime factors greater than 31 is an F 
number relative to ». Therefore, by Lemma 1, there can be at most 
(p—1)/2 positive integers less than p?/2 which have no prime factor 
greater than 31. So if we define ¢,(N) as the number of positive 
integers not greater than N having no prime factor greater than the 
nth prime, we may state the next lemma: 


LemMMaA 2. If pis an improper odd prime, then 
2ou(p?/2) S p — 1. 


We seek a lower bound for ¢u(x). To this end we prove the following 
statement: 


LemMA 3. If n21, a>1, N21, then 
[logN /loga] 


1 
[log (N/a*)]" > (log + 


s=0 


(log V)**! 
(n + 1) log a 


The theorem is obviously independent of the base of the loga- 
rithms. However, to simplify later computations, we shall take all 
logarithms to the base 10. 

Proor. Let w denote [log N/log a]. Let f(x) be the function whose 
graph consists of the series of straight lines joining 
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(0, [log and (1, [log (N/a")]*), 


(w — 1, [log (V/a*-)]*) and (w, [log (V/a")]*), 
(w, [log (N/a”)]") and (w+1,0). 
Let g(x) be the step function (log W — [x] log a)". Then 


[August 


0 0 


s=0 0 


For x an integer, f(x) = (log N— x log a)*. As the second derivative of 
(log N— x log a)" is nonnegative, we have that 


f(x) = (log N — x log a)", 0 < x S log N/loga. 
Therefore, 
w wrl 
s=0 0 


logN /loga 
+ f (log VN — x log a)"dx 
0 
(log 
(n + 1) log a 


As the area between f(x) and g(x) is a series of triangles whose bases 
are all unity and whose combined altitude equals (log NV)", 


f 


wtl 
f (g(x) — f(x))dx = (log V)*/2. 
0 


DEFINITION. Let f,(x) be a polynomial in x defined by the following 
recursion on Nn: 

= 1 


log 2 log Pn+1 


+ 1 
fl) = f fal y)dy + — fal). 
0 


Lemna 4. If x21, then $,(x) >f,(log x). 


PROOF BY INDUCTION ON 2. If n=1, put w= [log x/log 2]. Then 
2°, 2', 27, - - -, 2” are all not greater than x, so that 


goi(x) = w+1> log x/log 2 = fi(log x). 


Assume that the theorem is true for 2. Then ¢,+:(x) is the number 
of integers not greater than x, having no prime factor greater than 
~P.»-1. These may be counted as follows. First count the ones not di- 
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visible by p,4:. There are ¢,(x) of these. Then count the ones divisible 
by Pay, but not by (p,4:)”. There are $,(x/Pn+41) of these, and so on. 
Hence, if w= [log x/log p41], then 


By Lemma 3 and the definition of f,4:(x), we get 
> fazi(log x). 
By successively computing fi(x), fo(x),--- 
The result was 
fis(x) = 0.00000005447197741x'! + 0.000003295918757 x" 
+ 0.00008081950130x° + 0.001046349948 
+ 0.007817038320x7 + 0.0346308193625 
+ 0.090164272885 + 0.1322851609x4 
+ 0.10034124562x? + 0.03325580732x? 
+ 0.003244070402x. 


Let 21, =2,--- 


of log 3, log 5, log 7, - - - , log pu. 


Lemma 5. 


f(x) = 


PROOF BY INDUCTION ON 1. If »=1, the proof is simple. Suppose the 
lemma true for n. Let =* - , 2,* denote the elementary sym- 


metric functions of log 3, log 5, log 7,---, log Pai. Then 


From these relations, it readily follows that f,;:(x) has the desired 


form. 


The value computed for f(x) was checked by use of the above ex- 
plicit formula. The computations were performed on a ten place ma- 
chine, the tenth place being rounded off. This produced unavoidable 
errors in the tenth significant figure. However, the largest discrepancy 
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, we computed f(x). 


, 2»-1 denote the elementary symmetric functions 


ni(log 
— 1)--- (2)En-4 


Di = 2, + log pati, 
* 
n 


= + log Pati, 


| 639 
| 
s=0 s=0 
Qa-l 
Se = Le + log Pasi, 
| = log Pati. 
| 
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which occurred between the two computed values of fi:(x) was five 
units in the tenth significant figure. This seemed a satisfactory check. 
We now prove the main theorem. Let p be an improper odd prime. 
As 2?=4 (mod 9), 24=16 (mod 25), and 2°=15 (mod 49), # is not 
3, 5, or 7. So* p211 and p?/2>60. However, 24::(60) = 108. So by 
Lemma 2, 2109 and ?/2>5940. Therefore by Lemma 4, 
26n(p?/2) > 689.18. So p2691 and p?/2 >238,740. Similarly, we get 
2ou(p?/2) > 6993.24, p26995; 26u(p?/2) >67,682.70, p267,684; 
>411,815.08, p=411,817. Now 
(lo (x?/2))) Ps (lo (x?/2)) 


If x2411,817, then 22(0.4343) /log (x?/2) <1, and so 


d 1 
— (2fi:(log (x?/2))) < — 2fi:(log (x?/2)). 
dx x 


Hence, if x > 2f1:(log(x?/2)) and 411,817 <x then y > 2f::(log(y?/2)). 
However, for x = 8,332,366, we have 2f1:(log(x?/2)) =8,332,366.22. So 
for 411,817 <x < 8,332,366, 


2fii(log (x?/2)) > x. 
Therefore p—1>8,332,366 and p2=8,332,403. 


CoRNELL UNIVERSITY 


* It was shown by Meissner (Sitzungsberichte der Akademie der Wissenschaften, 
Berlin, vol. 35 (1913), pp. 663-667) and Beeger (Messenger of Mathematics, vol. 55 
(1925), pp. 17-26 and Nieuw Archief voor Wiskunde, vol. 20 (1939), pp. 51-54) 
that 1093 and 3511 are the only primes less than 16,000 such that 2?-!=1 (mod ?”). 
From this, one could quickly conclude that an improper odd prime must be 
greater than 16,000, because the only possibilities below 16,000 are 1093 and 3511, 
and we eliminate these as follows: 37=1+2-1093, so that 3!%2=(1-+2- 1093)! 
=1+312- 1093 (mod 1093?). Hence, 1093 is not improper. If 3511 were improper, we 
would have 3510*!° = (2- 32-5 - 13)*!°=1 (mod 3511?) by Morishima’s theorem. How- 
ever, 35109 = (3511—1)*!°=1—3510-3511 (mod 3511?) =1+3511 (mod 35117). As 
a matter of interest, it might be noted that one can prove that 3%=1+7-3511 
(mod 3511?). 
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